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Abstract 

In this note we give a simplified ordinal analysis of first-order reflection. 
An ordinal notation system OT is introduced based on '0-functions, and 
a wellfoundedness proof of it is done in terms of distinguished classes. 
Provable Si-sentences on L u ck are bounded through cut-elimination on 
operator controlled derivations. 


1 Introduction 

Let ORD denote the class of all ordinals, A C ORD and a a limit ordinal, a 
is said to be Tl n -reflecting on A iff for any n„-formula <j>(x) and any b € L a , if 
{L a , £} \= 0(6), then there exists a /? G A n a such that b £ Lp and (L f 3 , G) \= 
0(6). Let us write 

a £ rM n (A) a is n n -reflecting on A. 

Also a is said to be H n -reflecting iff a is ^-reflecting on ORD. 

It is not hard to show that the assumption that the universe is LR-reflecting 
is proof-theoretically reducible to iteratability of the lower operation rM„_ 1 
(and Mostowski collapsings), cf. 17]. 

In this paper we aim an ordinal analysis of n n -reflection. Though such 
an analysis was done by Pohlers and Stegert |12| using reflection configurations 
introduced in M. Rathjen M, and in mm with the complicated combinatorial 
arguments of ordinal diagrams and finite proof figures, our approach is simpler 
in view of combinatorial arguments. In [30111], our ramification process is akin 
to a tower, i.e., has an exponential structure. Mahlo classes M/ifc(£) defined 
in Definition 12.31 to resolve or approximate Iljv-reflcction are based on similar 
structure, but here we avoid the complicated combinatorial arguments with the 
help of operator controlled derivations introduced by W. Buchholz El- 

On the other side our wellfoundedness proof is based on distinguished classes 
introduced by W. Buchholz m, and similar to our proof in muni. 
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Our theorems run as follows. Let KPIIjv denote the set theory for n^r- 
reflecting universes, KP ui the Kripke-Platek set theory with the axiom of infinity, 
and KP£ a set theory for limits of admissibles. OT is a computable notation 
system of ordinals defined in section [3l = wf A and i/jq is a collapsing function 

such that if n(a) < Cl. K is an ordinal term denoting the least Iljv-reflecting 
ordinal in the theorems. 

Theorem 1.1 Suppose KPIIjv b 6 for a Yli(Cl)-sentence 6. Then we can find 
an n < ui such that for a = tpa(uj n (K. + 1)), L a \= 8. 

Theorem 1.2 KPIIjv proves that each initial segment 
{a G OT : a < 'ipn(co n ( K + 1))} (n = 1,2,...) is well-founded. 

Thus we obtain the following Theorem 11.31 
Theorem 1.3 

V'n^K+i) = (KPIItvIej := min{a < wf A : V# € £i(KPnjv b 8 Ln =>• L a |= 6)}. 

Let us mention the contents of this paper. In the next section [2] we define 
simultaneously iterated Skolem hulls TL a (X) of sets X of ordinals, ordinals (a) 
for regular cardinals k, a < £k+i and sequences £ = (£ 2 , ■ • • ,£,n-i) of ordinals 
< £k+ 2 , and classes Mh%(£) under the assumption that a Il] v _ 2 -indescribable 
cardinal K exists. It is shown that for 2 < k < N, a < £k+i and each £ < £k+ 2 , 
(K is a Il] v _ 2 -indescribable cardinal) —> K € Mh%(£) in ZF + (V = L). 

In section [3] a computable notation system OT of ordinals is extracted. In 
section H] following [IT], operator controlled derivations for KPIIat is introduced, 
and inference rules for n^r-reflection are eliminated from derivations in section 
[5] This completes an upper bound Thcorem ll.il 

In the second part of this note, we show a lower bound Theorem 11.21 After 
a preliminary, rudimentary facts on distinguished sets are stated in section [ 6 ] 
Since many properties of distingusihed classes are seen as in GO0I, we will give 
only a sketch of a proof in many cases. However we dealt with ordinal diagrams 
in GOBI, and here with ordinal terms based on ^-functions. Although these 
two seem to be closely related each other, we give a full proof of some facts for 
readers’ conveniences. In section [7] we define a tower relation on ordinal terms 
largely as in 012 . We need to take pains in subsection [Tl] to embed collapsing 
relations on ordinal terms into an exponential structure as for ordinal diagrams. 
In the final section [ 8 ] our wellfoundedness proof is concluded, and a corollary on 
conservative extensions is obtained in the end of the note. 

f2 Q denotes the continuous closure of the a-th admissible ordinal for a > 0. 
This means that fii = cof K and f l u = sup{fl n : 0 < n < w} = supfr^ : n < w}, 
where r a denotes the a-th admissible ordinal. Let X < a :<t=> V/3 £ X(/3 < a), 
a<X:«3(5e X(a < f) and X < Y :«Va£ X3f G Y(a < f). 

IH denotes the Induction Hypothesis, MIH the Main IH and SIH the Sub¬ 
sidiary IH. We are assuming tacitly the axiom of constructibility V = L. 
Throughout of this note TV > 3 is a fixed integer. 
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2 Ordinals for n^-reflection 

In this section we work in the set theory 

ZFLKjv := ZFL + (3K(K is n]y_ 2 -indescribable)) 

where ZFL = ZF + (V = L) and N > 3 is a fixed integer. 

Let ORD C V denote the class of ordinals, K the least n]y_ 2 -indescribable 
cardinal, and Reg the set of regular ordinals below K. 0 denotes finite sets of 
ordinals< K. 

Let ORD e C V and < £ be A-predicates such that for any transitive and 
wellfounded model V of KPw, < e is a well ordering of type £k+i on ORD e for 
the order type K of the class ORD in V. 

u, v, w, x, y, z ,... range over sets in the universe, a, b, c, a, f}, 7 ,... range over 
ordinals< A := Ek-i-i, £, (, range over ordinals< £k+ 2 , £, £, 

range over finite sequences over ordinals< £k+ 2 , and 7r, k, p, < 7 , r, A,... range over 
regular ordinals. 9, S denote formulas. 

Define simultaneously classes H a (X), classes M/i£(£), and ordinals r/>£(a) 
as follows. We see that these are £i-definable as a fixed point in ZFL, cf. 
Proposition 12.51 

Definition 2.1 1. Let £ = (£ 0 , • ■ •, £ m - 1 ) be a sequence of ordinals. 

(a) length lh{ £) := m and i-th component £j := £* for i < lh(£). 

(b) The set of components AT(£) := {£i : i < i/i(£)} = {£ 0 ,..., £ m -i}- 

(c) Sequences consisting of a single element (£) is identified with the 
ordinal £, and 0 denotes the empty sequence. 0 denotes ambiguously 
a zero-sequence, V* < lh(0)(0i = 0) with its length 0 < lh(0) < N — 1. 

(d) £ * p (£ 0 j • • ■ ) £m—l) * (M0: ■ • * 1 ^n— l) (£ 0 , ' ' ' ■ £m—1: P’0: ■ • • • Pn—l) 

denotes the concatenated sequence of £ and jl. 

2. A = £k+i denotes the next epsilon number above the least II/v- 2 - 
indescribable cardinal K, and £k +2 the next epsilon number above A. 

For i < oj and £ < £k+ 2 , Aj(£) is defined recursively by A 0 (£) = £ and 
Ai+i(£) = A A Af). 

3. For a non-zero ordinal £ < £k+ 2 7 its Cantor normal form with base A is 
uniquely determined 

£ =nf ^2 = A ?m a m -I - F A Z°a 0 (1) 

i<m 

where £ m > • • • > £ 0 , 0 < a t < A. 

(a) AT(£) = {ai : % < m} U (J{-^(£i) : * < is the set of components of 
£ with LF(0) = 0. 

For a sequence £ = (£ 0 ,..., £„-i) of ordinals £i < £k+ 2 , K 2 (£) := 
U{/T(£) : £ € A-(£)} = U{^(£i) : * < n}. 
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(b) For £ > 1, 2e(£) = £o in CQ is the tail exponent, and 2ie(£) = £ m is 
the head exponent of £, resp. 

77g?(£) := A^ m a m , and T7(£) := A^°ao- 

Put te{i) := he(i) := Hd(i ) := Tl(i) := * for i G {0,1}. 

(c) he( l '(£) is the i-th head exponent of £, defined recursively by 
he(°\£) = £, /ie^ +1 i(^) = fte(/ieW(£)). 

The i-th tail exponent ie^(£) is defined similarly. 

fd,) C < P i £ designates that £ =jvf J2i> n ^ ia i = ^ m a m H-h A ^a n 

for an n (0 < n < m + 1). £ < pt £ £ < P t £& C 7 ^ £■ 

For A C ORD, limit ordinals a and i > 0 

a € M 2 +i(A) A n a is II j -indescribable in a 

5. re + denotes the next regular ordinal above re. 

6. fl a := ui a for a > 0, Ho := 0, and tt = fii. 

Proposition 2.2 £ < /t =>■ 2ie(£) < he{p). 

Let a < A, and denote the binary Veblen function. 72 a (X) is the Skolem 
hull of { 0 , K}UA under the functions +, a w“, (a, / 3 ) e-t ipa/d (a, f3 < K), a e-> 
S 7 Q (a < K),(re, 7) i->- '0^7(7 < a, re G Reg U {K}), (re, V, 7) ^(7) where 

max K 2 (V) <7 < a, re £ Reg U {K}. 

Definition 2.3 I. 


72 0 [T](X) := H a (yul) 

for sets y C K. 

£. Let for sequences V = (f 2 , ..., F n _i) (n > 0), 

v<tl£ :<=> 3/2 = (/x 0 ,... ,/t„_i)[Vi < n - l(z 7 < pa) (2) 

po —pt £ & Vi n l(/q_)_i ^ipt ie(/q))] 

5. (Inductive definition of 72 a (X)). 

(a) {0,K}UX C H a (X). 

(b) x,y G 72 a (X) =7 x + // G 72 a (X) ; x G 72 a (X) 7 w 1 £ 72a(X), and 
x,y G 72 a (X) nK =7 ipxy G 72 a (X). 

(c) K > a G 72 0 (X) =7 G 72 0 (X). 

£d,) If {b, re} U K 2 (i 7) C 72 a (X) with maxX 2 (i7) < b < a and lh{V) = 
N-2, then ^(b) G 72„(X). 
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4- (Definitions of Mh k (f) and Mh k (f)) First let 

K £ Mh a N (0) K £ Mm -O K is Il 7 v_ 2 -indescribable. 

The classes Mh k {f) are defined for 2 < k < N, and ordinals a < A, 
£ < £k+ 2 - Let 7T be a regular ordinal < K. Then for £ > 0 

n £ Mh k (lf) :<=> {a} U K{£) C H a { tt) & (3) 

\/V <ti f(K 2 {V) c Ha{ 7r) => tt £ M k (Mh%( V))) 

where i? = (i/q, ..., v-a-i) (0 < n < N — k) varies non-empty sequences of 
ordinals. For sequences V 


TV £ Mh a k {y) :<£> 7T £ Pi Mh a k+i {vi). 


i<n 

By convention, let for 2 < k < N, 

7 r £ Mh k ( 0) :<t=> 7r £ Mh 2(0) :<t=> 7r is a limit ordinal 

Note that by letting 17 = (0) for £ > 0, 7r £ Mh k (f) => 7r £ Mfc. Also 
0 <*; 1, and Mh k ( 1) = M\ since te(l) = 1. 

5. (Definition of (a)) Let a < A be an ordinal, re a regular ordinal and £ 
a sequence of ordinals< £k +2 such that Z/i(£) = N — 2, maxA' 2 (() < a, 
and K 2 (f) U (re, a} C 7t a («;). Suppose re £ Then let 

V>f(o) := min({re} U {77 € Mh% (|) n re : A a (7r) ft re C n, K 2 (f) U (re, a} C Ha^n)}) 

(4) 

Let 

ip K a := ip°a 

where lh( 0) = N — 2, Mh%( 0) = Lzm, and re £ M 2 , i.e., re is a regular 
ordinal. 

Proposition 2.4 & + c £ 7t o [0](d) => c £ 7t a [©](d) ; and w c £ 1-La [0] {d) => c £ 
Ha[Q](d). 

The following Proposition 12.51 is easy to see. 

Proposition 2.5 Each of x = T~L a {y ) (a < £k+i ,y < K), x = ip K a, x £ Mh k (f) 
and x = ip£(a), is a T,i~predicate as fixed points in ZFL. 

Proof. This is seen from the facts that there exists a universal Il^-formula, and 
by using it, a £ M n (x) iff ( L a , £) |= m n (xnL a ) for some II^ +1 -formula m n (R) 
with a unary predicate R. □ 

Let A(a) denote the conjunction of Vu < K3!cc[a; = / H a (n)], and 
V£Va:(maxAT 2 (£) < a&A" 2 (£) U (re,a} C x = A a (re) — > 3\b < n(h = ■0|(a))), 
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where lh(£) = N — 2. 

Since the cardinality of the set ’H £k+1 (tt) is tt for any infinite cardinal tt < K, 
pick an injection / : W s (K) —>• K so that f”'H SK+1 (tt) C tt for any weakly 
inaccessibles tt < K. 

Lemma 2.6 1. Va < £k+i A(a). 

2. tt £ Mhf,(tf) is a IIjl^-class on L„ uniformly for weakly inaccessible car¬ 
dinals tt < K and a, £. This means that for each k there exists a 
formula mhf.(x) such that tt £ Mhf,(tf) iff \= for any weakly 

inaccessible cardinals tt < K with /”({a} U A"(£)) C L 

3- K £ k+i) H Mjv_i(M/i^_ 1 (ek + i)). 

Proof. 

mm We show that A(a) is progressive, i.e., Va < £k+iIY c < aA(c) —» A(a)]. 

Assume Vc < ai(c) and a < £k+i- V6 < K3!x[x = 'H a (b)\ follows from IH 
in ZFL. 3!& < n(b = ^|a) follows from this. 

mm Let tt be a weakly inaccessible cardinal with /”({a} U K(Jf)) C L„. Let 
/ be an injection such that /” U SK+1 (tt) C L„. Then for Va £ K(£)(f(a) £ 
f ,,r H a {TT)), tt £ Mh%(£) iff for any f(i 7) = (f(u k ),..., f(v N - 1 )), each of /(^) G 
L n , if Va G K 2 (V)(f(a) £ f"TL a { tt)) and <ti £, then 7r G M k (Mhf.(V)), where 
f'TLafi r) C L,r is a class in L^. 

mm We show the following B(a) is progressive in a < £k+T 

B(a) :«lG Mh%_ 1 (a) fl M^-i(Mh c f r _ 1 (a)) 

Note that a £ TL a ( K) holds for any a < £k+i- 

Suppose \/b < a B(b). We have to show that Mh ( f r _ 1 (a) is Il^g-indescribable 
in K. It is easy to see that if tt £ Mjv-i(M/i^-_ 1 (a)), then tt £ Mh t f f _ 1 (a) by 
induction on n. Let 8(u) be a n^_ 3 -formula such that Lk |= 6(u). 

By IH we have \/b < a[K G Mjv-i(M/i^ r _ 1 (6))]. In other words, IK G 
Mhf [ _ 1 {a) 1 i.e., Lk |= m/i^ r _ 1 (a), where mh c f [ _ 1 (a) is a n]y_ 2 -sentence in 
Proposition 12.6121 Since the universe Lk is nj v _ 2 -indescribable, pick a tt < K 
such that L n enjoys the n]y_ 2 -sentence 8(u) A mh%_ 1 (a), and {/(a),/(a)} C 
Ltt. Therefore tt £ Mhf I _ 1 (a) and L„ \= 8(u). Thus K G MM-i(Mhf l _ 1 (a)). 

□ 


Proposition 2.7 tt £ Mh k (C) hf, < ( => tt £ Mh k (ff). 

Proof. By the definition ([3J of tt £ Mh%((), it suffices to show that 

v <ti f. < C => v <ti C 
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by induction on the lengths n = lh(v). Let ft = (/zo,...,/z n _ 1 ) be a sequence 
for v = (i/ 0 ,..., zz„_i) such that /z 0 < pt C> Vi < n - l(/z»+i < pt te(ni)), and 
V* < n — \{v.j < /i,;), cf. © in Definition 12.31 

If n = 1, then z/ 0 < /zo < P t C < C- < C <pt C yields zz = (z/ 0 ) < t i C- 

Let n > 1. We have (zzi,..., < t j ie(/z 0 ). We show the existence of a A 
such that /zo < A < p t £ and te(no) < te( A). Then IH yields (zzi,..., z/„_i) <t; 
ie(A), and v < t i ( follows. 

If fio < p t Cj then \ = hq works. Suppose /zo j£ pt C- On the other hand we 
have /zo < pt C < C- Hence C < C and there exists a A < pt C such that /z 0 < A 
and te(no) < fe(A). □ 

Lemma 2.8 (Cf. Lemma 3 in [3].) 

Assume K > 7r G Mh k {f) 0 Mh k+1 (f t o) with 2 < k < N — 1, he{fx) < Co and 
(aJUA'f/i) C 7f a (7r). T/zezz 7T G Mh%(^ + fj) holds. Moreover if n G Mk+i, then 
7T G Mk+i{Mh%((, + /z)) holds. 

Proof. Suppose 7r G M/i£(C) D Mh k+1 (t; 0 ) and if(/z) C H a (7r) with he(/z) < 
Co- We show 7T € Mh k (£, + /z) by induction on ordinals /z. First note that 
if b G W a (zr), then /(6) G f”H SK+1 ( 7t) C We have if(C +/z) C ^(zr). 
7 t G Mk+i(Mh%{£ + /z)) follows from zr G M/z£(C + /z) and zr G M k+ 1 - 

Let (C) * f 7 <*z £ + /z and if (0 U if 2 (zz) C 74 (zr) for zz = (zz 0 , • ■ •, zz„_i). 
We need to show that zr G M k (Mh k ((Q * zz)). By the definition (J2J), let (Co) * 
(/zq, ... ,/z n _i) be a sequence such that C < Co < P t C + A 4 ; Mo < P t ie(Co) 5 Vi < 
n - 1 (z/j < /Zj), and Vi < n - l(/z i+ i < pt te(/z»))- 

If Co < P t C> then (C) * zz <tz £, and tt G M k {Mh %{{0 * V)) by tt G Mh £(£). 

Let Co = C+Ci with 0 < Ci < P z M- If Ci < P t M> then by IH with he(Ci) = he(fi) 
we have tt G Mh k { Co). On the other hand we have (C) * zz <tz Co- Hence 
tt G M k (Mh k (( C) * zz)). 

Finally consider the case when 0 < Ci = M- Then we have V <ti te(f + 
n) = te{n) < he(n) < Co- zr G Mh k+1 { Co) with Proposition 12.71 yields zr G 
M k+1 (Mh“ k+1 (u)). 

On the other side we see 7r G Mh k (Q as follows. We have C < C + M- If C < Cj 
then this follows from 7r G Mh k ( C) and Proposition [2Jl and ifC = C + ^<C + Mi 
then IH yields tt G Mh k ((f). 

Since tt G Mh k (Q is a n^j-sentence holding on L T by Lemma [2.6121 and 
{a} U K( C) C 74(zr), we obtain n G M k +i(Mh k ((Q * zz)), a fortiori 7r G 
M k (Mh a k (( C) * z7)). □ 

Proposition 2.9 Lei zz = (zz 2 , • • ■, zzjv-i), C = (C 2 , • • • > Czv-i) be sequences of 
ordinals< £k +2 such that for a k with 2 < k < N — 1, Vi < k{yi < Ci) azid 
(zzjt,..., zzjv_i) <ti Cfe- Assume tt G Mh%( C) an d K 2 {v) U {zr, a} C H a (n) for 
a > maxlf 2 (z7). T/zerz iff (a) < tt. 

Proof. By the definition <(4]) it suffices to show the existence of a At G Mh%(v)C\Tr 
such that %a(Ac)ri7r C At and if 2 (z?)U{zr, a} C H a ( At). We have zr G Mh k (^ k ) by 
zr G Mh%(£), K 2 (V) C 'Ha(zr) and (z/fe,..., z/jv-i) <tz Cfe- Hence by the definition 
© we obtain zr G M fc (ML^((zz fe ,..., z/jv-i))), i-e., zr G -Mfc(rifc<i<jv-i Mh?(vi)). 
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On the other hand we have 7r £ Mhf(£i), and hence tt E p| i<fc AIh^{vi) 
by Vi < k(ui < £i) and Proposition 12 71 Since 7r S rii<fc Af/i“(z 7 ) is a nj,_ 2 - 
sentence holding in L x , we obtain 7r £ Mfc(P| i<JV _ 1 a fortiori 7r E 

M 2 {Mh%{v)). 

On the other side, since K 2 (v) U {7r, a} C 'H a { 7r), the set C = {k < tt : 
T-Lai^) O 7T C 7T, K 2 (y) U {7T, a} C 'Ha(n)} is a club subset of regular cardinal 7r. 
This shows the existence ofa/tE Mh 2 (v) 0 C 0 7r. □ 

Proposition 2.10 Let £ = (£ 2 , • ■ •, £tv-i) be a sequence of ordinals< Ek+ 2 such 
that K 2 (£) C LLa (tt). IfTl(£i) < A k {£i+k + 1) for some i < N — 1 and k > 0, 
then 

7 r E Mh 2 (£) 0 7r E Mfc 2 (/I) 

where ft = ([i 2 ,..., /j-n-i) with fii = £i ~ Tl[t£i) and fij = £j for j ^ i. 

Proof. When 0 < £,; = A 7 m a m + • • • + A 7l ai + A 7o ao with 7 m > • • • > 71 > 

70 , 0 < ai < A, Hi = A 7 m a m H-h A 7l ai for Tl(£i) = A 7 o ao. If & = 0, then so 

is fj,i = 0 . 

Let 7 r E M/i 2 (/7) and Tl{£f) < Afc(£ i+ fc + l). We have Vj < k(he^(Tl(£i)) < 
Ak-j(£i+k + 1)), and he^(Tl(£i)) < £i +k - On the other hand we have 7 r E 
Mhf +k {£ i+k ). From Lemma 12.81 we see inductively that for any j < fc, tt £ 
Af/i“ +J -(/ie^(T7(£i))). In particular 7 r E Mh% +1 (he(Tl(£i))), and once again by 
Lemma [2751 and 7 r E we obtain 7 r E Mh^{£i). Hence 7 r E Mh 2 (£). □ 

Definition 2.11 1. A sequence of ordinals £ = (£ 2 , ■ • •, £jv-i) is said to be 

irreducible iff Mi < N — lVfc > 0(£j >07 Tl{£f) > A k (£i+k + 1))- 

2. For sequences of ordinals £ = (£*,,..., £n-i) and v = (v k ,..., vn-i) and 
2 < k < N- 1, 

Mh%[v) <k MhUi) :0 Vtt E Mh a k (£)(K 2 (v) C W a (7r) O tt E M k {Mh a k (y))). 

Definition 2.12 Let £ = (£ k ,..., £n-i), v = {vk , ■ • ■, iqv-i) and V ^ £. Let 
7 > fc be the minimal number such that 77 £i. Suppose (£j,... ,£n- 1 ) 7 ^ Oj 

and let k\ > i be the minimal number such that £ kl 0. Then V <i x ,k £ iff one 
of the followings holds: 

1 . (ui ,... , 1 /jv-i) = 0 . 

<?. In what follows assume ( 77 ,..., vn-i) 7 ^ 0, and let fco > i be the minimal 
number such that v ko 7 ^ 0 {i = min{fco, fci})- Then v <i Xyk £ iff one of the 
followings holds: 

(a) i = fco < fci and he^ kl ~ l \vi) < £ kl . 

(b) fc 0 > fci =i and u ko < /ie (feo_l) (£i). 

We write <i x for <i x , 2 . 
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Proposition 2.13 Suppose that both of v and f are irreducible. Then 
v <ix,k £ => Mh%(v) -<k Mh k (£). 

Proof. 

Let tv £ K 2 (v) C and i > k be the minimal number such 

that Vi ^ . First we have tv £ p| k<j<i Mhfj(vj), which is a nf_ 2 -sentence hold¬ 
ing on L n . In the case ft ^ 0, it suffices to show that tv £ ■ >i Mhf(vj)), 

since then we obtain tv £ M^Mh^v)) by tv £ C Mi, a fortiori 

tv £ M k {Mhf.{v)). 

If ( Vi,... ,i/jv-i) = 0, then fi^O and C\j>iMhj(vj) denotes the class of 
limit ordinals. Obviously tv £ Mi(f]- >i Mhf(vj)). 

In what follows assume {yi ,..., v^—i) ^ 0, and let k$ > i be the minimal 
number such that v ko ^ 0, and k\ > i be the minimal number such that f kl ^ 0. 

First consider the case when i = ko = k±. Then 0 < Vi < £*. It suffices to 
show that (. Vi ,..., z/jy-i) <ti fi, since then we have tv £ Mhf(vj)) by 

the definition Q of tv £ Mhf(£i). Suppose that (v i+ i,..., z'at-i) ^ 0, and let 
0 < £ < N — 1 — * be the least number such that v i+ £ > 0. Since V is irreducible, 
we have Tl(vi) > At(yi+g + 1), and hence he^(Tl(yi)) > Vi + £. On the other 
hand we have he^(Tl(vi)) < he^\fi). 

Therefore for pi = Hd{fi), pj+i = Hd(he(pj)) for j < l — i, we have pt < p t 
Vj < £ - i(pj +1 < pt he(pj) = te(pj)) and v i+e < /ie^(£i) = pi. In this way 
we see the existence of a sequence (pi,. ■., pn- i) witnessing (vi ,..., v^-i) <ti fi 
in the definition ([%]). 

Second assume i = ko < k\. Then we have he^~^{vf) < f kl . Also 
Vi +p < he^ p \vi) for any p > 0 since v is irreducible and Vi ^ 0. Let j > k\. 
Then Vj < he^~ l \vi) < he^~ kl \f kl ). Hence (v kl ,... ,v N _ 3 ) < u f kl by 
the definition ©. 7T £ Mh ki (£ kl ) yields tv £ Mhffvj)). More¬ 

over for any p < k\ — i, he^ kl ~ l ~ p \vi +p ) < f kl by Proposition 12.21 Lemma 
12.81 yields n £ fl kl> j >i Mhf(vj). Therefore tv £ M kl (Mh k (v)), a fortiori 
tv £ M k {Mhl(v)). 

Finally assume fco > ki = i. Then we have £» ^ 0. It suffices to show 
that (vi,...,v N _ i) <u fi- We have v ko < /ie (feo_l) (&) and V/c > k 0 (v k < 
he^ k ~ k °){v ko ) < where he( k \fi) = te{Hd{hd ^ k ~ 1 " > (£*))). Therefore 

(v it ..., v N -i) < t i fi by the definition @. □ 

Definition 2.14 Let us define an ordinal o(£) for irreducible £ = (£ 2 , • • ■, £,n-i) 
by 

0 $ = + 1) : 2 < * < N - 1,£ ? 0} 

In particular o(0) = 0. 

Note that we have TZ(^) > A k (fi +k + 1) for £; ^ 0 and irreducible £. Therefore 
& + A k (£i+ k + 1) = &#A fc (£ i+fc + 1) for the natural sum #. 

Proposition 2.15 For irreducible v,f, 

v <ix o{v) < o(|). 
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Proof. Let v <i x f. Then V ^ £ and let i be the minimal number such that 
Vi ^ £i. It suffices to show that ao = o((vi ,..., i/jv-i)) < o((£i,..., £/v-i)) = ax, 
where o((&,... ,&v-i)) = E{Aj-i(0 + 1) = * < 3 < AT - 1 ,± 0}. 

We have £jv_x) ^ 0, and let fcx > i be the minimal number such that 

£ki 7 ^ 0. When (i/j,..., i/jv_i) ^ 0, let fco > i be the minimal number such that 
z'fcg ^ 0. One of the following cases occurs, cf. Definition 12.121 
Case 0. (yi ,..., z'/v-i) = 0: Then ao = 0 < a\. 

Case 1 . i = ko<ki=i + k and he^fvf) < £i+k'- We have by k > 0 
o({vi ,... ,i/jv-i)) = A,_i (vi + 1 ) + o((i/ i+ i,... i)) < Aj +fe _i(he (fe) (i/i) + 1 ). 

On the other hand we have o((£ i; ..., £/v-i)) = o((0,..., 0, £;+*,, ■■■, £jv-i)) = 
Az-(-fe—l(^z+/c T 1) T o(£z+/c+ 1 ,..., £xv —i ) ^ Aj^/c—x+ 1). Hence ao ^ • 

Case 2. i + k = ko > k\ = i and I'i+fc < he (fc) (&): Then 

0((Vi,...,V N _ i)) = o((0, ...,0, I/ i+fc , ...,1/jy-x)) 

= Aj_|_/j_i(z/j_|_fc + 1 ) + o((t , i+fc+i,..., t'jv-i)) 

< A i+ fc_i(z/ i+ fc + 1 ) • 2 < A i+ k~i(he^ k \^i)) • 2 

On the other hand we have by i > 1 and > A k(he^ k \^i)) 

o((£i,-■ ■ ,£n- i)) = Aj_x(^ + 1 ) + o((£ i+ x,... ,£jv-i)) 

> A i _ 1 (^ + l)>A i+fe _ 1 (/ieW(^))-2 


Hence ao < a\. □ 

Proposition 2.16 Suppose ( < p and £ < te(p). Then ( + A ? < p. 

Proof. We have A^ < Tl(p) = A te ^a for an a > 0. If £ < po with p = 

/ro + Tl(p), then ( + A^ < p. Otherwise £ = po + A te ^b for te(£) < te(p), and 

b < a if te(C) = te(p). Hence A tl ^b + A* < A te ^) a . □ 

Proposition 2.17 (Cf. Proposition 4.20 in [15]) 

Let v = {v 2 , ■ ■ ., r'jv-i), £ = (£2, ■ • ■, £/v-i) be irreducible sequences of ordinals< 
£k+ 2 , and assume that if^(b) < tv and ip^(a) < k. 

Then = ip%(b) < V4( a ) = ax iff one of the following cases holds: 

1. tv < Tfi(a). 

2. b < a, ? bf(b) < k and K 2 {V) U {n, b} C (a)). 

3. b> a and A" 2 (|) U (k, a} cjL . 

4 . b = a, k < tv and k fL 'Hb{ff)”(b)). 

5. b = a, tv = k, K 2 {V) C 'H a {4>i(a)) > and V <i x £. 

6. b = a, tv = k, K 2 (I) (JL 'Hb{if"(b)). 
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Proof. If the case © holds, then 0£(6) G %a(0f(a)) Hk C 0f(a). 

If one of the cases (J3]) and © holds, then K 2 (£) U {k, a} <jL 7i a (^(b)). On 
the other hand we have K 2 {£) U {/«,a} C - H a ('i/'f(a)). Hence 0£(6) < 0f(a). 

If the case © holds, then by Proposition 12.131 yields Mh%(i7) -< 2 M/bj(£*) 9 
0f(a). Hence 0|(a) G M 2 (M/i 2 (z?)). Since K 2 {V) U {k, a} C '%a(0f(a)), the set 
{p < 0f (a) : 'H a {p)OK C p, K 2 (v) U{k, a} C 'H a {p)} is club in 0|(a). Therefore 
ipn(b) = 0£(a) < 01(a) by the definition ©. 

Finally assume that the case © holds. Since K 2 {£) C % a (0£(a)), 4>U b ) < 

V'f(a)- 

Conversely assume that 0£(b) < 0f (a) and 0|(a) < 7r. 

First consider the case b < a. Then we have K 2 (V) U {7r, b} C 77b(0)((&)) C 
’Ha(ipi(a))- Hence © holds. 

Next consider the case b > a. K 2 (^) U {«;,a} C Hb(i(>%(b)) would yield 
V’f(a) G 'Hb{^ib)) H 7T C 0£(&), a contradiction 0|(a) < 0£(b). Hence © 
holds. 

Finally assume b = a. Consider the case k < n. k G Hb(ip^(b)) fl 7r would 
yield 0f(a) < k < 0£(b), a contradiction. Hence k ^ 77{,(0£(&)), and © 
holds. If 7T < k, then 7r G 77{,(0)((b)) 0 k C % a (0f(a)) O re, and 7r < 0|(a), 
a contradiction, or we should say that © holds. Finally let 7r = re. We can 
assume that AT 2 (£) C %b(0£(6)), otherwise © holds. If t; <i x V, then by 
© '01(a) < ijj"(b) would follow. If K 2 {y) (jL r H a (ilj%{a)) , then by © again 
■0|(a) < 0£(b) would follow. Hence K 2 (v) C H a (0f (a)) and V <i x £. If v = 
then 0f(a) = 0£(b). Therefore © must be the case. □ 


3 Computable notation system OT 

In this section (except Propositions 13.51) we work in a weak fragment of arith¬ 
metic, e.g., in the fragment IT i or even in the bounded arithmetic S\. Refer¬ 
ring Proposition 12. 1 71 the sets of ordinal terms OT C A = £k+i and E C £k +2 
over symbols {0, K, A, +, w, tp, f2, 0} together with sequences (rrik(a)) 2 <k<N-l 
for a G OT D K, and finite sets Kg (a) C OT for a G OT are defined by simul¬ 
taneous recursion. 

OT is isomorphic to a subset of 77 a (0), which is restricted with respect to 
iterated collapsings, i.e., introducing ordinals of the form 0£(a) (y ^ 0 ,lh(v) = 

N —2) as follows. First K is collapsed only to ordinals 0 ^*^ (a) with a single ordi¬ 
nal b < A, cf. Definition 13.31141 below. Second each ordinal 7 r = 0f*^ fc ’^ fe+ 1 ^*°'(c) 

is collapsed only to ordinals 0 |*^ fc+A fe+lb ’°)*0( a ) w ith an ordinal b < A. Actu¬ 
ally the ordinal b is decorated with the ordinals 7 r, a, denoted as a triple ( 6 , 7 r, a) 
to keep track of the point ( 7 r, a) at which a new collapsing process b > b' > ■ ■ ■ 
in the /c-th level starts, cf. Definition 13.31151 Third each ordinal n = 0^*°(c) 
is collapsed only to ordinals 0£(a), where V <ti £ holds in an explicit way: 
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let p = (fi 2 , ■ ■ ., Pn-i) be a witness for v < t i £. This means that, cf. ©, 
zz 2 < P 2 <pt £, ^3 < h 3 <pt te(n 2 ), etc. Here zz* has to be smaller than pi 
in such a way that vf s last coefficient is smaller than that of /^’s in a strong 
sense. Namely zzj = A + A“a; and /i, = A + A“y with x < y. Moreover the 
ordinal x is constructed at the same time when y is introduced. For example let 
us assume that an ordinal ip p *^ u '^*°(d) is constructed before n in the iterated 
collapsing process, where y is decorated with (p,d). Then y £ 'Hd{p) holds. 
The coincidence of y and x means that x £ TLd(Tf) should be the case, and 
ip p +(x) < tpp+{y), cf. Definition 13.31161 

Non-zero terms in E denotes ordinals< £k +2 in Cantor normal form with 
base A, which are decorated by indicators ( 71 *, a*). The triple (a,K, a) in Def¬ 
inition [T3E] denotes the ordinal a, and in Definition 13.3141 A^ m {b m , 7r m , a m ) + 
• • • + A^° (b 0l 7r 0 , a 0 ) denotes the ordinal A^ m b m + • • ■ + A ^°b 0 . 

a =nf oi m + ■ ■ ■ + ao means that a = a m + ■ ■ ■ + op and a m > • • • > ao 
and each is a non-zero additive principal number, a =nf means that 
a = pfi'y and /3 ,7 < a. a =nf means that a = ojP > j3. a =nf ff /3 means 
that a = flp > /3. 

Definition 3.1 For the ordinal £ =nf A^ m (b m , 7r m , a m )i-l-A^ 1 (&i,7ri,ai) + 

A 5o (6o,7r 0 ,a 0 ), 

1. Let sf(£) := (b 0 ,7To,ao). Also sf(0) := 0, and fe(£) =£o- 

2. (a) M(£) = A^(6i,7r»,Oj) = A 5 "*(6 m ,7r m ,a m )4-FA Sl (6i,7n,ai) 

is the head part of £. £ = /id(£) +TZ(£) with T7(£) = A^° (b 0 ,7r 0 , ao). 
Also hd(0) := 0. 

(b) /id (rl) (£) := Yli> n A 5i (foi,7Ti,ai) = A ?m (6 m , 7r m .a m ) H-b A u (b n , 7r„, a n ). 

When n> m, hd (n) (£) = £b> n A ?i (hi, ^i, a*} := 0. 

(b) Also for sequences n of natural numbers /i<A”'(£) is defined recur¬ 
sively by MW(£) := £, /id« n »(£) := hd <">(£), and for n ^ 0 
M ((n)*n)(^) , = hd^\te{hd^^))). 

3- C <pt £ :«• 3n(C = M^(£)). C f :< > C <„/£ A C / £• 

zz < st £ iff either zz = 0 £ or for c = sf(iz) < sf(£) = 17 =jv.f 

A ?m (6 m ,7r m ,a m ) -I-f A £l (6i,7ri,ai) + A & (c, 7r 0 , a 0 ). 

5. zz <0 £ iff there is an n < m + 1 such that v =nf A^ m (b m , 7r m , a m ) H— ■ + 

A ?n+ i {bn+i , } -(- A^ n (c n , 7r n , cz n ) H- A 1 (c n _i, Pn —1 , d n —1 )-(-■■* 

with c ra < b n . 

6 . (Cf. Definition 12.111 ) A sequence of ordinals £ = (£ 2 ,..., £/v-i) is said to 
be strongly irreducible iff Vi < AT — lVj > iVfc(£i / 0A(j / 0 Ai </: < 
j => £j <o ie^ _ ^(£j) A £fe ^ 0). 

Obviously any strongly irreducible sequence is irreducible. 
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Proposition 3.2 (Cf. Proposition 12.160 

For a strongly irreducible sequence C = (£ 2 , • ■ •, Cfc, Cfc+ 1 ) * 0 with 2 < k < N — 1 
and Cfc+i ^ 0, let C, = (C, 2 ,..., Cfc) * 0 &e t/ie sequence defined by Mi < k(Q = Ci) 
and Cfc = Cfc + A^ fc + 1 (6, 7 r, a) /or ordinals b,a < A and n < K. TTien C is strongly 
irreducible. 

Proof. Supposing £* ^ 0 for i < k, it suffices to show that Cfc <0 te^ k ~ l \^fi). We 
have Cfc <0 te^ _l )(Ci) and Cfc ^ 0 . Hence Cfc = Cfc + A 5fc+1 ( 6 , 7 r, a) < 0 te (fe_l) (Ci)- 

□ 

Let pd(xp"(a)) = 7 r (even if z? = 0). Moreover for n, pd ( ' n \a) is defined 
recursively by pd^°\a) = a and pd^ n+ 1 ^(a) ~ pd(pd^ n \a)). 

For terms n,K G OT, n -< k denotes the transitive closure of the relation 
{( 7 T, k) : 3C36[7r = xpf.(b)]}, and its reflexive closure 7 r V k n -< k V 7 r = re. 

Definition 3.3 1. la denotes the number of occurrences of symbols 

{0, K, A, +, to, ip, Cl, xp} in terms a G OT U E. 

2. 0 £ E. 

3. If 0 < a £ OT and a < a € OT, then (a,K, a) £ E. K((a,K,a)) = 
{(a,K, a)}. 

4- If {Ci : * < rn} C E, Cm > • • • > Co > 0 and bi, 7 r,, a, £ OT with ai > bi > 

0, then J2i<m ^ ( b i’ a i) = A ?m ( 6 m , 7 r rn ,a rn )H-(- A io (b 0 , tt 0 , a 0 ) G E. 

K (52i<m^ i ( b i’ n i’ a i)) = {(bi, 7Tj, Oj) : i < m}UU{if(Ci) : i < to}. 

5. For sequences V = (v $,..., v n ) of G E, K 2 (v) = (J {K(vi) : i < n}. 

6 . (Cf. Definition 13.1141 1 

For v, p G E, v <Kst P iff one of the following conditions is fulfilled: 

(a) v = 0 7 ^ p. 

(b) v = (a, K, a), p = {/3, K, b) with a < /?. 

(c) v = NF h^ m (b m ,Tc m ,a m ) +- 1 -A 5 l ( 6 i, 7 ri,ai) + A ft ( 6 , 7 r 0 ,a 0 ) and 

p = NF A ?m ( 6 m , 7 r m ,a m ) 3- 1 - A ? 1 ( 6 i, 7 ri,ai) + A 5 °(c, 7 r 0 , a 0 ) with 

b = st(v) < st(p ) = c and for a = xp v +b, (3 = xp n +c 

K a ({n 0 ,b}) < b&Kp({n 0 ,c}) < ckxp n +b < ip^+c (5) 

where xp^+b := b when 7 To = K. 

V <Kst p-.^V <Kst pM v = p. 

7. (Cf. (121) in Definition 12.3121 1 

Let for sequences V = ( 1 / 2 ,..., v n -i) (n > 2) of terms in E and C G E, 
v <Ksi C iff there exists a sequence p = ( Pk) 2 <k<n-i of natural numbers 
such that 

Vi < n - l[vi < K st hd (Pi) (£)] 
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where p* = (p k ) 2 <k<i- 

8. 0,l€ OT. TO fc (0) = 0, and if 5 (0) = K S (K) = 0. 

9. If a =nf a m + ■ ■ ■ + ao (m > 0) with (a; : i < m} C OT, then a £ OT, 
and m k {a) = 0. Kg{a) = U i< m K s( a i)- 

10. If a =nf tPp with {/?, 7 } C OT n K, then a £ OT, and m k (a) = 0. 
Kg(a) = Kg(p)uKg(p). 

11. If a =nf with K < /3 £ T, then a £ OT, and m k (a) = 0. Kg(a) = 

MP). 

12. If a =nf fi /3 with p £ OT n K, then a £ OT. 7712 (a) = l,?7ifc(a) = 0 for 
any k > 2 if P is a successor ordinal. Otherwise m k (a) = 0 for any k. In 
each case Kg (a) = Kg(p). 

13. Let a = ip„(a ) := i/j^( a ) where either 7 r = K or (mi( 7 r))j ^ 0, and such 
that K a (Tr) U K a (a) < a, then a = 1 l> n (a) £ OT and m k (cx) = 0 for any 
k > 2. 

Ks(ip 7 r(a)) = 0 if a < S. I\s{ip v (a)) = {a} U Kg(a) U Kg(n) otherwise. 

14- Let a = 7/^(a) with v = 0 * ((&, K, a)) (lh{v) = N — 2), b, a £ OT and 
v £ OT such that K a (b ) < b < a and K a (a ) < a. Then a = (a) £ OT, 

and mjv_i(a) = (b, IK, a), m k (a) = 0 for k < N — 1. 

K s(^(a)) = 0 if a < S. Kg{^{a)) = {a} U = 7 £ K (v)} 

otherwise. 

15. Let a = ^£(as) with a strongly irreducible sequence v = ( 1 / 2 ,..., i/jv-i) 
of ordinal terms in E, a £ OT, and n £ OT (~l K such that the following 
conditions are met: 

(a) V(6, p, c) £ K 2 {v)(c < a<kK a [b) < b) and K a (Tr) U K a (a ) < a. 

(b) There are ak(2<k<N — 2) and a> b £ OT such that 

m fc+ i(7r) ^ Q,v k = WfcM + (b, n, a), (6) 

V* < k(yi = 77ii(7r)),Vi > k(ui = 0) 

Then a = 7 /^ (a) £ OT, and m*(a) = Vi. 

Ks(i/}"(a)) = 0 if a < 6 . Otherwise Kg (ip" (a)) = {a} U Kg (a) U Kg(n) U 
u {Ks(b):(b,p,c)£K 2 W}. 

16. Let a = ip^.(a) with a strongly irreducible sequence V = (v 2 ,..., i/jv-i) 7 ^ 0 
of ordinal terms in E, a £ OT, and 7 r g OT 0 K such that the following 
conditions are met: 

(a) V(b,p,c) £ K 2 (v)(c < a&.K a (b) < b) and K a (Tr) U K a (a) < a. 
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(b) Mi > 2(mi(n) = 0) and (v%, ■ • •, zqv-i) <Ksi m 2 (f), cf. Definition 

Em 

(c) 

Mi(K n (bi) < a,i) (7) 

where st(vi) = ( bi,pi,ai). 

Then a = ip%(a) G OT, and rrii(a) = i\. 

Ks(ip"(a)) = 0 if a < 8. Otherwise K$(ip"(a)) = {°} U Ks(a) U Kg(n) U 
U {K&(b) : (b,p,c) G K 2 (v)}. 

17. m(a ) := (to*( a)),. 

Remark. Let us understand Definition 13.31 as follows. First a super set OT' to¬ 
gether with a linear order <' is defined. An element of OT' may be a well-formed 
term over symbols {0, K, A, +, to, p, Q, ip} without normal form conditions =nf 
and conditions in Definitions l3.3ll3lfl6l such as K a (n)UK a (a) < a for a = ip v (a). 
The linear order <’ on OT' is defined as in the proof of Lemma [3.(11 below. Af¬ 
ter that a subset OT C OT' is extracted with normal form conditions, and the 
restriction of <’ to OT results in a linear order < on OT. 

Proposition 3.4 For any £ G E and any (b,Tr,a) G K(Q, b < a holds. 

Let ip%(a) G OT, and Vi G E be in the list V. It is easy to see that in¬ 
dicators, i.e., the second and third components in z/j = (a, K, a) or in z/j = 
A^ m (& m , 7r m , a m ) + • • • + A^° (bo, tto, ao) are uniquely determined from n, and 
when 7r < K, from indicators of zr together with numbers ( Pk)2<k<N-i , i.e., 
from V without decorations implicit in Definition I3.3ll6bl cf. Definition 13.3171 
For explicit calculations of indicators, see subsection 17. II 

Proposition 3.5 For any a G OT and any 6 such that 8 = 0,K or 8 = ipf(b) 
for some ir, b,u, a G FL 1 ( 8 ) O Ks(a ) < 7 . 

Proof. By induction on £a. □ 

Lemma 3.6 (OT, <) is a computable notation system of ordinals. In particular 
the order type of the initial segment {a G OT : a < fli} is less than idf K . 

Specifically a < pi is decidable for a, j3 G OT, and a G OT is decidable for 
terms a over symbols {0, K, A, +, c 0 , p, fl, ip}. 

Proof. These are shown simultaneously referring Propositions 12.171 and 13.51 
Let us give recursive definitions only for terms f l a ,ip”(a) G OT. 

First Sl^a) = V K (a), i.e., Q, a < ip"(a) O a < ip"(a), ip"(a) < Q, a O 
ip"(a) < a. Next < ipn a+1 (a) < fl a+1 . 

Finally for ip"(b),ip%(a) G OT, ip"(b) < ip^(a) iff one of the following cases 
holds: 

1. zr < ipi(a). 
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2. b < a, ip"{b) < k, V< 7 , p, c) G K 2 (u)(K^ a) ( 7 ) < a) and K^^({n,b}) < 
a. 

3. b > a, and 3(5, p,c) G K 2 (f)(b < K^e {b) (6)) Vb< K^ w ({k, a}). 

4. b = a,n = K, V( 7 , p, c) G K 2 (v)(K^ a) ( 7 ) < a), and i? <;* £. 

□ 

Proposition 3.7 For a,/3 G OT, if a = /3, Rien i/ie ordinal term a coincides 
with the ordinal term /3. 

Proof. This is seen by induction on the sum la. +1 ft of lengths of ordinal terms 
a, /3 G OT. □ 

4 Operator controlled derivations 

In this section, operator controlled derivations are first introduced, and in the 
next section inferences (K G Mn ) for n^v-reflecting ordinals K are eliminated 
from operator controlled derivations of Ei-sentences over fl. 

In what follows except otherwise stated a, (3, 7 ,..., a, b, c, d,... range over 
ordinal terms in OT , £, £, v, fi, 1 ,... range over ordinal terms in E (with or with¬ 
out decorations), £, V, ft, V,... range over finite sequences over ordinal terms 
in E , and 7r, k, p, a, r, A,... range over regular ordinal terms, i.e., one of ordinal 
terms K, £lp+i, i()%(a ) with V 0. Reg denotes the set of regular ordinal terms. 
In this and the next sections ordinal terms are decorated with indicators. We 
write a G RaiP) for Kg(a) < a. 

4.1 Classes of sentences 

Following Buchholz m let us introduce a language for ramified set theory RS. 
Definition 4.1 RS-terms and their levels are inductively defined. 

1. For each a G OT H K, L a is an RS -term of level a. 

2. If 4>(x, 2 / 1 ,..., y n ) is a set-theoretic formula in the language {g}, and 
ai,..., a n are FF-terms of levels< a, then [x G L a : <j> La (x, ai,..., a n )] is 
an F5-term of level a. 

Each ordinal term a is denoted by the ordinal term [x G L a : x is an ordinal], 
whose level is a. 

Definition 4.2 1. |a| denotes the level of .RS-terms a, and Tm(a) the set of 

FS-terms of level< a. Tm = Tm( K) is then the set of FS-terms, which 
are denoted by a , b,c,d,... 
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2. RS-formulas are constructed from literals a £ b,a ^ b by propositional 
connectives V,A, bounded quantifiers 3x G a,Vx £ a and unbounded 
quantifiers 3x,Vx. Unbounded quantifiers 3x,Vx are denoted by 3a; £ 
L K ,Wx £ L K , resp. 

3. For RS- terms and .RS'-formulas t, k(t) denotes the set of ordinal terms a 
such that the constant L a occurs in l. 

4- For a set-theoretic E r ,-fomiula ip(xx ,..., x m ) in {g} and £ 

Tm(n), ip L * (ai,..., a m ) is a T, n (n)-formula, where n = 0,1,2,... and 
k < K. II ra («;)-formulas are defined dually. 

5. For 6 = i/j Lk (ai,..., a m ) £ £„(«) and A < k, 0^’^ := ip Lx (ai,..., a m ). 

Note that the level \t\ = max({0} U k (t)) for i?5'-terms t. In what follows we 

need to consider sentences. Sentences are denoted A, C possibly with indices. 

The assignment of disjunctions and conjunctions to sentences is defined as 

in [XT] . 

Definition 4.3 1. For b, a £ Tm( K) with \b\ < \a\, 



and a = b := (Vx £ a(x £ b) AVx £ b(x £ a)). 

2. For b,a £ Tto(K) and J := Tm(|a|) 

b £ a \J (cea Ac = 5) ce j and b a /\( c /«Vc/ b) ce j 


3. (. A 0 V A{) \J{A l )^j and (A 0 A Ax) /\(A L ) ieJ for J := 2. 

4 ■ For a £ Tm( K) U {Lk} and J := Tm(|a|) 

3x £ aA(x) \J(bea A A(b))b^j and Vx £ aA(x) /aV A(b))j, e j. 

The rank rk(i) of sentences or terms l is defined as in [Tl] . 

Definition 4.4 1. rk(-iA) := rk(-A). 

2. rk (L a ) = uia. 

3. rk([x £ L a : A(x)]) = maxjwa + 1,rk(A(Lo)) + 2}. 

4 . rk(a £ b) = max{rk(a) + 6,rk(b) + 1}. 

5. rk(Ao V Ax) := max{rk(Ao), rk(yli)} + 1. 

6. rk(3x £ a A(x)) := max{wrk(a), rk(A(Lo)) + 2} for a £ Tm(K) U {If}. 
Proposition 4.5 Let A be a sentence with A ~ \f{A L ) L& j or A ~ /\(A L ) Le j. 
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1 . rk(4) < K + uj. 

2. |4| < rk(4) £ {w|4 +i : i £ w}. 

3. Vi £ J(rk(4 t ) < rk(4)). 

4- rk(4) < A=^4£E 0 (A) 

4.2 Operator controlled derivations 

By an operator we mean a map H, T~L : V(OT) —► V(OT ), such that 

1. VX C OT[X C W(X)]. 

2. vx,y c or[y c w(x) => h ( y ) c h(x)]. 

For an operator H and 0, ©i C OT,H[0](I) := ?t(XU0), and "H[0][0i] := 
(W[0])[0i], i.e, -H[0][0i](X) = U(X U 0 U 0i). 

Obviously H a is an operator for any a , and if H is an operator, then so is 
Hi®}. 

Sequents are finite sets of sentences, and inference rules are formulated in 
one-sided sequent calculus. Let H = 'H 1 (7 £ OT ) be an operator, 0 a finite set 
of K, T a sequent, a £ OT and b £ OT fl (K + w). 

We define a relation ("H 7 ,0) b£ T, which is read ‘there exists an infinitary 
derivation of T which is Q-controlled by TLj, and whose height is at most a and 
its cut rank is less than b\ 

k, A, a, t, 7 r ranges over regular ordinal terms. 

Definition 4.6 (77 7 ,0) b£ T holds if 

k(r) U {a} C 4f 7 [0] ( 8 ) 

and one of the following cases holds: 

(V) A ~ \/{4 t : L G J}, A £ T and there exist 1 £ J and a(t) < a such that 

M < « (9) 

and (H 7 ,0) b“ W r ,A t . 

(/\) 4 ~ /\{4 t : L € </}, 4 £ r and for every 4 £ J there exists an a(i) < a 
such that (% 7 ,0 U {k(t)}) b£^ T, 4 t . 

(cut) There exist ao < a and C such that rk(C) < b and ("H 7 ,0) b ^ 0 T,-iC 
and (H 7 , 0 ) b“° C,r. 

(fl £ M2) There exist ordinals at, a r (a) and a sentence C £ n 2 (fl) such that 
sup{a^ + 1, a r (a) + 1 : a < 0} < a, b > fl, (71 7 ,0) b£* T, C and (7t 7 , 0 U 
jwa}) -,c(“' fi ),r for any a < fl. 
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(j r G Mh 2 (t;),k,iJ) There exist a regular ordinal term ir G % 7 [©] H (6 + 1), a 

positive integer 2 < k < N, where n = K ^ k = N, and in this case £ = 0 

with lh(0 = N — 1, V = 0. For the case 7r < K, let £*= (£ 2 , • • • >£ n-i ) = 

m( 7r). Also there is a strongly irreducible sequence V = (v 2 , • • ■, z'jv-i) of 

ordinals Ui £ E. 

Moreover there are ordinals a^,a r (p),ao, and a finite set A of Efe( 7 r)- 
sentences enjoying the following conditions : 

1. When 7 T < K ; the following two conditions hold: 

Mi < k(vi < pt £i) & (i/fc,..., zy/v-i) <Ksi (10) 

and 

V(d, p, c ) £ K 2 [y){c. <7 &d G % c (0 fl 7 r)) (11) 

A For each d G A 

(H 7 , 0 ) F“< F, -.A 

3. Let H k {y, 7 T, 7 , 0) denote the resolvent class for 7 r G Mh 2 {f) with 
respect to k, V, 7 and 0: 

H k (v, 7 r, 7 , 0) := {pG Mh 2 (v) fl 7 r : 'H 1 {p) n 7rCp&0n7rCp} 
where 


p G Mh 2 (v) V < pt m(p) Vi(r' i < pt rm(p)) 

In the case n = K ; i.e., if k = N, p G Mh 2 { 0) :«pG Reg , i.e., 
Hn(0 , K, 7, 0 ) := {p G Reg fl K : 'H 1 {p) HKCpfeOflKCp} 
Then for any p G 77 7, 0 ) 

(W 71 0U{p}U{(p,i7)}) F^ w r, A (^) 


l 

sup {ae,a r (p) : p G H k (V, 7 r, 7 , 0)} < a 0 G % 7 [0] D a (12) 

We will state some lemmas for the operator controlled derivations with 
sketches of their proofs since these can be shown as in nn • In what follows 
by an operator R we mean an R 1 for an ordinal 7 . 

Lemma 4.7 Let ("H 7 ,0) T. 

1. (TLy, 0 U ©o) FjJ, r, A for any 7 ' > 7 , any ©o, and any a' > a, b 1 > b 
such that k(A) U {a'} C 7I 7 '[0 U ©o]. 

2. Assume ©i U {c} = 0, c G H 7 [0i]. Then (% 7 , 0i) F£ T. 
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Lemma 4.8 (Tautology) (?l,k(ru{A})) |_ 2 rk(A) p : -,A,A. 

Lemma 4.9 (Inversion) 

Let A ~ f\(A L ) Le j, and (TL,G) b£ T with A G T. Then for any l G J, 
(TL, 0 U k(t)) T, A l holds. 

Lemma 4.10 (Boundedness) 

Suppose (Ti , 0) b“ T, C for a C G Si (A), and a < b G TL n A. Then (TL, 0) b“ 

P ;C r(b,A)_ 

Lemma 4.11 (Persistency) 

Suppose (TL,G) b“ r, for a C G Si(A) and a b < A G TL[Q]. Then 
(H,0) b“ T,C. 

Lemma 4.12 (Predicative Cut-elimination) 

Suppose (TL,G) b c +ul a r, a G TL[Q] and ]c,c + u) a ] fl Reg = 0. Then 

(TL, 0 ) \-f ab r. 

Lemma 4.13 (Embedding of Axioms) 

For each axiom A in KPILv, there is an m < lo such that for any operator 
H = 7C r ,{H,9) bf£ m A holds. 

Lemma 4.14 (Embedding) 

If KPILv I - P for sets T of sentences, there are m,k < u> such that for any 
operator TL = TL 1 , (TL, 0) bj^+ fe T holds 

5 Lowering and eliminating higher Mahlo oper¬ 
ations 

In the section we eliminate inferences (K G Mm) for njv-reflection. 

In the following Lemmas 15.11 and 15.31 for ordinal terms p, a and sequences v 
including the case V = 0, a term if v p (a) may not in OT, i.e., iff {a) G OT', cf. 
Remark after Definition 13.31 

affft denotes the natural sum of ordinal terms a , /3. 

Lemma 5.1 Suppose for ordinal terms 7 , a, n G OT 

(u^G) b“ r 

where { 7 , 7 r} C H 7 [0], 0 C it and T C IIfc + i( 7 r) for some 2 < k < N — 1. 

Let ( = 0 with lh(f) = N — 1 when n = K.Szk = N — 1. When k < N — 1, 
assume n < K, and let ro( it) = ( = (( 2 , ■ ■ ■, £&+i) * 0 , and assume (k+i ^ 0 and 

V(&, p, c) Slb 2 (O(&€H 7 [0]&c< 7 ) (13) 

For an ordinal term 7 + a < c < A, let us define a sequence ( c (a) := 
(( 2 ( 0)1 ■ ■ ■ 1 (k( a )) * 0 by ( c (a) = 0 * ((7 + a, K, c)) with lh(( c (a)) = N — 2 when 
7 r = K. Otherwise (£(a) = (k + A ^ fc+1 (7 + a, n, c ) and (f(a) = for i < k. 
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Let k < tt be an ordinal term such that 


C c («) <fc to(k) :<J4> 3p(^(a) <Kst P <pt m fe (K))&V* < k((f(a) < pt to^k)) 
l~l 7 r C k and 

0Ck (14) 

Let 7 ( 0 , 6 ) = j#a#b, /3(a,b) = ^( 7 ( 0 , 6 )), and C\ = max{ 7 (a, re) + l,c}. 
TTien the following holds: 

(^.euWJh^rM ( 15 ) 

Proof by induction on a. Let k < tt, ( c (a ) <£ m(re), 'H~ 1 (n)rin C re and 0Cs. 

We see that C c ( a ) is strongly irreducible from Proposition 13.21 We see from 
© and (Hill that 

k(r) fl 7r C 'Hj(k) HttCk (16) 

For any a £ ?L 7 [0], we have { 7 , 7 r, a, re} C 7 L 7 ( 7 t) by 0 U {k} C 7 t. Hence for 
7 ( 0 , re) = 7 #a#re, { 7 ( 0 , re), tt} C H 7 (tt), and { 7 ( 0 , re), tt} C 'H 7 ( QiK )(/3(o, re)) by 
the definition ©. Therefore re £ H 7 ( ajK )(/3(o, re)) fl 7 t C /3(a, k) by Proposition 
12.41 and 0 C /3(a, re) < tt. Thus we obtain 

(oo, ai} C 7L 7 [0 U 0o] & ao < ai & 0o C k => /3(ao, re) < /3(ai, re) 

Likewise we see from 0 C tt < ip n + (7 + a) that V , 7 r+ (7 + a o) < Vv+ (7 + ai), i.e., 

{<20, <21} C “H-y [0 U 0 o] & ao < <21 & ©o C 7 r =>■ Cfc(°o) <Kst (k(a) & C c (°o) <t m(K) 

_ (17) 

Case 1. First consider the case when the last inference is a [tt £ M/i 2 ((), k + 

1 , j7). 

We have £ H 7 [0] fl a, and a r (p) £ % 7 [0 U {p}] Ha. A is a finite set of 
Efe +1 (7r)-sentences. 

We have for each S £ A 


(w 7 ,©)h^r,^ (is) 

and for each p £ Hk+i(v, tt, 7, 0) 

(^.©u^h^Wr.AW (19) 

where -fLfc+i(z 7 ,7r, 7, 0) is the resolvent class for tt £ Mh^if) with respect to 
k + 1 , V, 7 and 0 : 


Hk+i(P, 7r,7, 0) := {p £ M/i 2 (f7) fl 7T : 'H-y(p) tin Cp^OCiTrCp} 

When 7 r < IK, V — ( 2 ^ 2 , •.., i'n-i) is a strongly irreducible sequence such 
that V(d,p,c) £ K 2 (V)(c < 7 &d £ 7L C (0 f~l 7r)), V* < k + l(vi < pt £*), and 
(y k +i ,..., i/jv-i) Cfe+i) cf. (HU) and CEl). 
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Let To = L (~l Efc(7r) and {Va; G L 7T 9i(x) : i = 1,,n} (n > 0) = T \ To 
for Sfc(7r)-formulas 9i(x). Let us fix d = {di ,..., d n } C Tm(re) arbitrarily. Put 
k(cf) = U{ k (^) : i = 1, ■ ■ ■ ,n} and T(d) = T 0 U :i = l,...,n}. 

By Inversion lemma 14.91 from (1T51) we obtain for each 5 £ A 

{H 7 , 0 U k(J)) b“* r(d), -.5 (20) 

Let 

Hk+i(P, k, ci, 0 U {k} U k(J)) = 

{p g Mh 2 (z7) n k : "H Cl (p)nscp&( 0 u {«} u k(d)) ns c p} 

Then k(d) < p for p G H k+ i{y, re, ci, 0U{re}Uk(d)). By 0 ri 7 r C 'H 7 (re)n 7 r C re 
and 7 < ci we have 

P G .Hfc + i(z?, re,Ci, 0 U {re} U k(cf)) =>p£ H k+1 (i/,n,'y, 0) (21) 

If p G H k+ i(v 7 re, ci, 0 U {re} U k(d)), then p < re for (fill) . For each p G 
H k+1 (V, re, Ci, 0 U {re} U k(cT)), IH with (fTUl) . (Ell) and (1171) yields for ci > 
7 (a r (p),K) + 1 

(7* Cl ,0 U k{d) U {p, re}) hf (a ^ (p) ’ K) T (K ’ w) , (22) 

Next let p G Mh 2 (( c (ai))r\H k+ i(v 7 re, ci, 0U{re} U k(d)). Then 0U k(d) C p 
for m, and C C M <1 m(p) by C c {a e ) < pt m(p). For any p G Mh 2 {((ae)) D 
H k+ i (z7, re, Ci, 0 U {re} U k(d)) and for any S G A, IH with (12(71) yields for Ci > 

7 (at, p) + 1 

(H C1 ,0 U k (d) U {p, re}) \-K a *<P> (23) 

Now let 

Mt ■.= Mh 2 (((ae)) D H k+1 (y, re, Ci, 0 U {re} U k(cf)) 

From (l22l) and (l23l) by several (cui)’s of 5 ( p,7r ) with rk((5^ p,7r ^) < re we obtain 
for a(p) = max{a^, a r (p)} and some p < ui 

{(W C1 ,0 U k(d) U {re, p}}) F /»(«(*>).")+* tpGMf} (24) 

On the other hand we have by Tautology lemma 14.81 for each 9(d) < ' li ^ G 
F(d)( re,7r ) 

(Uy, 0 U k(d) U {re}) I—o 1 ^^” 0 ) T{d)^\^9{df K ’ n) (25) 

where 2 rk( 0 (d)( K ’ 7 b) < re + p for some p < ui. 

Moreover we have sup{2rk(0(d)( K ’’ I 7), j3(a(p), re) +p : p G M^} < /3(ao,re) + 
p G % 7 [0 U {re}], where sup{a^, a r (p) : p G H k+ i(v 7 7 r, 7 , 0)} < ao < a by (fl2l) . 
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Let p = (p 2 ,..., (In- 1 ) = max{C c (a^), v} with 


Hi = max{( i(ae),Vij 


Ci( a e) i < k 

Vi i > k 


since 17 < pt & < pt Q?(ae) for i < k + 1 . 

Claim 5.2 


Me ={pg Mh 2 (p) fl tt : H Cl (p) D tt C p& (0 U {tt} U k (d)) fl k C p} 

and Me is the resolvent class Hk(p, k,c\,Q U {tt} U k(d)) for tt £ Mh 2 (m(K)) 
with respect to k, p, ci and 0 U {tt} U k(d). 

Proof of Claim 15.21 

First the fact that p £ Mh 2 (p) O p £ Mh 2 (( c {ae)) fl Mh 2 (v) is seen from 
v, C C M < pt p, i.e., 17 < pt & < pt (f(ae) = Pi for i < k and Ci( a e) = 0 <pt v » = 

Pi for i > k. 

When 7 T = K, p = 0 * ((7 + a, K, c}). In what follows let tt < K. 

Consider the first half of CD. which say that \/(d,p,c 0 ) £ K 2 (p)(co < c\). 
This is seen from Cl and CD on the inference (ir £ Mh 2 (£),k + l,v), and 
7 + a < ci- 

Next consider the second half of CD- We have d £ H c o [0] C H c o [0'] for 
any (d, p , cq) £ K 2 (f) U K 2 (£ c (ae)) with 0 ri 7 r = 0C0 / = (0U {tt} U k (d)) Cl tt. 
Hence V(d,p, c 0 ) £ K 2 (p)(d £ H Co (&')). 

Finally consider the condition (flOl) . Vi < fc(//i = Cf(ae) = ii = C c (a) < P t 
m,(/ 1)), and for some A p k = Cfc( a A <ifst Ck( a ) <Kst A < pt m fc (te) by CD- 
On the other hand we have {pk+i, ■ ■ ■, Pn-i) = (0b+ 1 , • • ■, Z 7 v-i) <x s z Cfc+i = 
ie (Cfe(«)) = te(A). Hence we obtain (p k , Pk+i, ■ ■ ■, PN-i) <k s i m fc (tt). Thus 
Claim IQ is shown. □ 


Since -T(d)( K ’ 7r ) consists of n^( tt)-sentences, by an inference rule 
(tt £ Mh 2 (rh(n)),k, p) with its resolvent class Me, we conclude from (l25l) and 
(EH) that 

[% Cl , 0 U {tt} U k(d)) hf“o,«)+P+i r (d)(^) ;r («^) 

Since d C Tm(tt) is arbitrary, several (A)’ s yield (fl5l) . 

Case 2. Second consider the case when the last inference is a (n £ Mh 2 (£),j, V) 
for a j < k + 1. A is a finite set of Ej( 7 r)-sentences. 

We have for each <5 £ A 


(tty.©) K e r >“"5 


where ae £ H^[Q\ D a. 

Also we have for each p £ H 3 (y, 77 7 , 0) 

(h 7 ,0uM) r,A^ 
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where a r (p) £ 'H 7 [0 U {p}] fl a. 

v is a sequence such that Vi < j(vi < p t and (v Vi ..., i/jv-i) <_r- s ; Cj for 
£ = m( 7 r). We have Vi < jfa < pt £* < pt Q(a) < pt rrn(K)). If j < k, then 
(Vj, • • •, I'M- 1 ) <Ksi (j{a) <pt rrij(K ) yields (p,-,..., i/jv-i) <if s ; rnj(n). Let j = 
fc. There exists a A such that ( k {a) <Kst A < p * mfc(ft). Then te(Cj?(a)) = te(A) 
and Vp, < pt ( k {a)(p, < P t A). Hence {v k ,..., ztv-i) <*: s z ££(«) <Xst A < pt m fe (ft) 
yields (v k ,..., Z7v-i) <if s z m k {n). 

Let Hj(y, ft, ci, 0 U {ft}) be the resolvent class for k £ M/i2(to(k)) with 
respect to j, z7, ci and 0 U {ft}. We have Hj(P, ft, c\, 0 U {ft}) C Hj(V, 7 r, 7 , 0). 
By IH we have for each 6 £ A 

(H C1 ,Q U{ft}) r 0^) 5 ^(«,^) 

and for each p £ Hj(V, k, c\, 0 U {k}) 

(H Ci ,GU{k, P }) I-/’(«*(*>),«) r (".*) )A (p,*) 

where A( p ’ 7r ) = (A( K,7r ))( p ’ K ). Hence by an inference rule (ft £ _M/i 2 (ro(ft)), j, v) 

we obtain (113- 

Case 3. Third consider the case when the last inference is a (cr £ M/i2(C); j, P) 
for a a < tv. 

®) ^ r > -<S}«eA {(7* 7 ,0 U {p}) b“ r(p) T, A( p --)} peH . ( p )(T , 7 i e) 

( 7 * 7 . 0 ) 

where A is a finite set of T,j (cr)-sentences, and Hj(P,a, 7,0) is the resolvent 
class for cr £ M/ 12 (C) with respect to j, P, 7 and 0 . 

We have cr < ft by (flbl) for cr £ 7/ 7 [0]. Hence A C Ej(cr) C E 0 (ft) and 
= g f or an y S £ A. Let Hj(P,cr,ci,Q U {ft}) be the resolvent class for 
cr £ M/i 2 (C) with respect to j, P. Ci and 0 U {ft}. Then Hj(P, cr, c\, 0 U {ft}) C 
a, 7,0). 

From IH we have (7i ci ,0 U {ft}) for each <5 £ A, and 

(7/ Cl , 0 U {ft, p}) |~^ Or ( p )’0 r( K ..r) ; A( p,<7 ) for each p £ cr, ci, 0 U {ft}). We 
obtain USD by the inference rule (a £ Mfi 2 (C),j,P) with the resolvent class 
Hj(P, cr, ci, 0 U {«}). 


Case 4. Fourth consider the case when the last inference introduces a Hfc+i( 7 r)- 
sentence (Vx £ 9{x)) £ F. 

{(?* 7 , 0 U k(d)) h“ (d) T, 9(d) : d £ Tm{ tt)} a 

(7* 7 ,0) K r (A) 


Let d £ Tm(ft) with k(cZ) < ft for (1141) . 

IH yields 

(7* Cl ,0U{ft}Uk(d)) r^^d)*"’^ 
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(/\) yields (1T51) for Vx G L k 0(x)( k, '"' ) = (Vx G 9(x))^ K ^ G r( K,7r ). 


Case 5. Fifth consider the case when the last inference introduces a Eo(7t)- 
sentence (Vx G c8{x)) G T for a c G Tm(n). 

{(7* 7 ,0 U k(d)) h“ (d) F, 8{d) : d G Tm(|c|)} A 
(W 7 ,0)h“r (A) 

Then we have |d| < |c| < k by (flGl) . IH yields 

{(7* Cl , 0 U M U k(d) hf (a(d) ’ K) T^\9(d) : d G Tto(|c|)} 

(H C1 ,G U{k}) hf (a ’ K) r(«- 7r ) 

Case 6. Sixth consider the case when the last inference introduces a £fc(7r)- 
sentence (3x G L n 9(x)) G F. For a d G Tm(-jr) 

(7*7.0) >-? r,e(d) 

(w 7 ,0)h“r lVj 

Without loss of generality we can assume that k(d) C k(0(d)). Then we see that 
\d\ < k from (USD, and d G Tm(re). Also |d| < re < /3(a, k) for <[9|). IH yields 
with (3x G 0(x))( K ’ 7I 7 = (3x G L K 9(x)( K ’ y ^) G r( K,7I 7 

(7* Cl ,0U{re|) hf (a °’ K) F^- 7r >,6>(d)^- 7r > 

(n cl ,0uW) hf (a ’ K) r*"-*) 


Case 7. Seventh consider the case when the last inference is a (cut). 


(H 7 ,0)hyr,^c (H 7l 0 )t-°° c,r 

(t* 7 ,0) 


(cut) 


where do < a and rk(C) < n. Then C G E 0 (7t) by Proposition 14.5141 On the 
other side we have k(C) C 7r by Proposition 14.5121 Then k(C) C k by (fl6l) . 
Hence C^ = C and rk (C^) < k again by Proposition 14.5121 IH yields 
(7 * Ci ,0U{k}) hf (ao ’ K) and (7 * Ci ,0U{k}) f£ ( q °’ k) c^\Y^\ 

Hence by a (cut) we obtain (fl5l) . 


Case 8. Eighth consider the case when the last inference is an (fl G M 2 ). 
CH 7 ,0) r,C {(7* 7 , 0 U {ua}) F“ r(a) -nC(“’ n ),r : a < ft} 

(7*7>©) K r 


where supja^ + 1, a r (a) + 1 : a < ST} < a and C G n 2 (II). 

We have uia < k for a < IT IH with C= C yields for each a < LI, 
(T-L Cl , 0 U {k, ixa}) hf (ar(a) ’ K) and 

(H Cl , 0 U {k}) \-^ a ^ r<"■*), < 7 . An (fl G M 2 ) yields (EJ) 

All other cases are seen easily from IH. □ 
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Lemma 5.3 Let A < tt be regular ordinal terms, and F C £i(A). 

Suppose for an ordinal term a 

W 7,e)i-“r 

where { 7 , A, n} C A 7 [0]. 

Assume 

Vp 6 [A, 7 r]Vd > O[0 C ipp('Y#d)\ (26) 

Let a = 7 ffu>' K+a+1 and /3 = (a). Then the following holds 

T (27) 

Proof by main induction on 7 r with subsidiary induction on a > 0. 

First we show, cf. m that 

A < r = tfi{ao) £ A 7 [0] => V( 6 , p, c) £ K 2 (()(b £ A 7 [0] & c < 7 ) (28) 

Let A < t = i/j£(ao) £ A 7 [0]. Then by (l26l) we have 0 C A C r, and hence for 
any ( 6 , p, c) £ K 2 {() we have 6 £ A 7 [ 0 ] and c < ag < 7 . 

We see that 0 C (3 = if\(a) from (l? 6 l) . Hence 

a 0 £ A 7 [ 0 ] (~l a => V’a(oo) < V'A(a) 

By the assumption E 6 l) . (fl3l) and © we have 

Vp £ [A, t r]V< 6 , p, c) £ A' 2 (f)Vd > 0[k(r) U { 7 , A, a, tt, 6 } C n 7 (i/> p (y#d))] (29) 

Let £ and k denote a sequence of ordinals and a number defined as follows. If 
7T = K, then let f = 0 with lh(£) = N — 1 and k = N — 1. If 7r < K, then 
let £ = rh{ tt ). In each case let k = max({l} U {k < N — 2 : £fc + i > 0}) for 

£= (6i ■ • •! £jv- 1 ) = (6> • • ■ 1 £k+i) * 0\ 

Since 7 r £ A 7 [ 0 ], we have (THU) for £, 7 , 0 by (1251) . 

Case 1. First consider the case when k > 2. 

Let C(a) := C c (°) = (( 2 (a), ■ ■ ■ , Cfc(n)) *0 be the strongly irreducible sequence 
defined as in Lemma l5Tl for c = 7 + a: ((a) =0* ((7 + a,K ,7 + a)) when 7r = K, 
otherwise Cfe( a ) = + A ?fc+1 (7 + a, 7 r ,7 + a) and Q(a) = £* for i < k. Also let 

7 (a, h) = 7 #a #6 and /3(a, 6 ) = Vv7(a, &)■ 

We have V( 6 , p, c) £ K 2 (f)(b < c < 7 ) by Proposition 13.41 This yields 

V( 6 , p, c) £ K 2 (((a))(c < 7 (a, 0) = 7 #a). Let k := 4>^ a \l (a, 0)). By the 
assumption (1261) and a > 0 we have 0 C Vv(7#o)- O n the other hand we 
have ^> 7 r ( 7 #a) < k, and hence (fl4l) . 0 C n. From this we see that V( 6 ,p,c) £ 
A' 2 (<f(a ))(6 £ A 7 (a,o)( K )) an d { 777 ( 0 ,0)} C A 7 ( aj o)( K )- Therefore k £ OT by 
Definition 13.31151 such that k < n and TL 1 (n) D 7 r C k. 

By Lemma l5Tl we have for Ci = 7 ( 0 , «;) + l >7 + a = c 

(K 7 (a , K)+ 1 , 0 uW)hfM 
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( 30 ) 


and by k £ A 7 (a,o)+i[©] and Lemma T4.7121 we obtain 

1 , 6 ) 

If A = 7r, then r( K ’ 7 d C E^k) C S 0 (A). We have 0 C tp n ( a) = P, and k £ 
Ha(/3)- Hence {7,7r, a,«} C Aa(/3), and 7(0, k) = 7#a#K < 7#w 7r+a+1 = a. 
Therefore k < ft (a, k) < ip^(a) = ft. We obtain (071) by Persistency lemma [71X1 
Next consider the case when A < 7r. Then A < k and r( K,7r ) = T. We have 
for (j26l) . VdVp £ [A, «](0 C ip p ('y(a,K,) + 1 #d)). By MIH on (l30l) we have for 
Po = Mbo) with b 0 = (7 (a, k) + \)^+PM+ 1 


(H b0+1 ,Q) hgr 

We have bo = 7#a#K#l#w /3 ^ a,K ^ +1 < 7#w 7r+a+1 = a by P{a,n) < 7r. This 
yields ip\(bo) = Po < P = ^a(o) by 0 C P and {7, k, 7r, a} C 'Ha(P)- Hence (071) 
follows. 

In what follows suppose k = 1. 

Case 2. Consider the case when the last inference rule is a (7r £ M/i 2 (£), 2, i?). 

We have € A 7 [0] D a, and a r (p) £ "H 7 [0 U {p}] Da. A is a finite set of 
S 2 (7r)-sentences. 

(OW 7 ,0) l-“« r,^}« eA {(A 7 ,0U{p}) b“ r(p) r,A ^} peH ^,n,-r,e) 

CH 7 ,e>) h “T 

7L 2 (i7 7r,7, 0) is the resolvent class for 7r £ M/i 2 (£) with respect to 2 , i? = 
(z/ 2 ,..., i/jv-i), 7 and 0: 

7J 2 (i7, 7T, 7, 0) = {p £ M/i 2 (z 7) fl 7T : A 7 (p) fl 7r C p & 0 D 7r C p} 

where i? is a strongly irreducible sequence such that v <Ksi £2 with m(7r) = 
(£2) * 0, V(6,p, c) £ A" 2 (£) U A" 2 (i?)(A 7 [0 D 7r] 9 b < c < 7). 

Let for a} = "f#ou' K+ae+1 , p = ip”(cii#Tr). By the assumption (l26l) we have 
0 C ip, r {ae) C p. Also V( 6 ,<r,c) £ K 2 (P)(b £ 'H c {&) C A c (p)&c < ai) by (HD), 
and {77 a^} C A 7 (p). Furthermore let (b,a,c) £ K 2 {v). Then b £ H c {@) C 
"H c ( 7 r). Hence b £ 'H c (n), i.e., K n (b) < c. The condition Q in Definition 
I3.3ll6cl is fulfilled. Therefore p £ OT by Definition 13.31161 We have shown 
p £ 7J 2 (i?,7r,7,0). 

By Inversion lemma 177171 we obtain for each S = (3a; £ L n Si(x)) £ A and 
each d £ Tm(p) with \d\ = max({0} U k(d)) 

(A 7# | d |, 0 U k (d)) \~°: e T, -iJi(d) 

We have {77,7, |rf|} C A 7 #|,j|(7r) by |d| < p < 7r, and this yields \d\ £ 
A 7 #|d|Wv(7#M)) D 7T C ip^#\d\). Hence \d\ < tM7#M), and Ve > 0(0 U 
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k (d) C i- e -j (EH) holds for A = n and 7 #|d|. Let /3d = 4>n{ad) for 

a d = 7#M|#w w+a<+1 = ai#\d\. SIH yields 

(Wa 3 +1 ,euk(d)) vf d r,^!(d) 

By Boundedness lemma H. 101 we have for = 'y#'rr#u} 7V+ae+1 = a^#7r 
(^ +1 ,euk(rf))h^ r,^’ w) (d) 

By persistency we obtain for fid < p G % 7 [0] 

(^ +l! euk(d)) r,-.5p' w) (d) 

Since d GTm(p) is arbitrary, (/\) yields 

m^ +1 ,e)^ p T,^s^ (31) 

Now pick the p-th branch from the right upper sequents 

(Ws; +1 , eu{p} 1 -j-w r,A^) 

By p e ^s7+i [0] and Lemma T4.7121 we obtain 

(^ +1 ,0)h^r,AM (32) 

Case 2.1. First consider the case A = 7r. Then A^ ,7r ) C £o(A). Let /3 P = , ip n (b p ) 
with & p = a^#l#u]' K+ar ( p ' )+1 = r y#uj' K+ae+1 #u] n+ar ( p ') +1 #Tr#l. Then /3 P > p 
and Vd[0 U {p} C ipnia^ + l#d)]. SIH yields for (1571) 

{H bp +i,e) b^ T, A^l (33) 

Several (cui)’s yield with (l33l) . (l3ll) and for f3 p > p, a n < b p < a and some p < u> 

(Wa+ 1 , 0 ) h^ +p r 

where /3 P < /3 = ^(a) by b p < a. (1271) follows. 

Case 2.2. Next consider the case when X < n. Then X < p and Al p ’ 7r ) C 
£i(p + ). For ESI) we have p < ip„(at + 1) and p < ^) a {ae. + 1 + d) for any d > 0 
and any a with p + < a < 7r by {b,Tr,ae} C % 7 [0] C + 1)) for any 

(b, a, c) e K 2 (y). SIH yields for /3 p + = ip p +(b p ) > p and (1371) 

(\ +1 ,0u{p})bJ; r.A^) 

and by Lemma f4.7121 

(% p+1 ,0)b^ r,A^ (34) 
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Several (cut)’ s yield with (1311) . (1571) and for fi p + > p and bo = 7 #(w 7r+af+1 • 
2)#co n+a ^P'> +1 #l > ma x{b e ,b p } 

(m 0+1 ,©)h^ +p r 

Predicative cut-elimination lemma 17.121 yields for fi\ = <p(fi p +)(fi p + + p) < P + 

(H b0+1 ,e)vfr ( 35 ) 

We have X < p € Hb 0 +i[Q] by 7 < at < b 0 . As to C6l) . VdVer g [A, p ][0 C 
ip a {bo + 1 + d)], which holds by b 0 > 7 and p < n. 

Hence MIH with (l35l) yields for c = 6o#l#w p+ ^ 1+1 

(Wc+1,0) 

We have c = 6 0 # w p +^ +1 # 1 = 7 #(w ,r+0 ' +1 • 2)#w’ r + Q -( p )+ 1 #a; p+/3l + 1 #2 < 
7 #w 7r+a+1 = a since a^, a r (p) < a and p, /A < p + < 7r. Hence ip\c < ip\(a) = fi, 
and (1271) follows. 

Case 3. Third consider the case when the last inference introduces a E^A)- 
sentence (Va; € c6(x)) S P for c S Tm( A). 

{(Ur, e u k(d)) b^ (d) r, 0(d) : d g Tm(|c|)} A 
(^ 7 ,0)h“r (A) 

Then we see from (ITUl) that |d| < |c| g H 7 (V’ P ( 7 #e)) (Ip C Vv(7# e ) for an y 
p g [A,7r] and any e > 0. Hence |d| g ippip/ipe). (ESI) is enjoyed for 0 U k(d). 
SIH yields for fi d = ipx(a(d)) 

(tt a+ i, 0 uk(d))i-j®- r, 0 (d) 

(A) yields (EH) for fi = ip\(a) > fi d . 

Case 4. Fourth consider the case when the last inference introduces a Ei(A)- 
sentence {fix g A a 0(x)) g T. For adg Tm( A) 

(h 7 , 0 ) i-y r,g(d) 

(w 7 ,0)h“r 

Without loss of generality we can assume that k(d) C k(0(d)). Then we see from 
(l29l) that |d| g % 7 (^a (7 + 1)) (~l A C ^a (7 + 1) < fi. Thus (J9]) is enjoyed in the 
following inference rule (\J). SIH yields for fi = ip\(a) > ip\(ao) = fio 

(?4 +1 ,0) ^ r,e(d) 

{Hd+ 1,0) Pp r 
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Case 5. Fifth consider the case when the last inference is a (r g 
for a t G 'H 1 [Q\ (~l 7 r and f = (t 2 ,..., in-i)' 


{(h 7 ,0) b? r,^} 5eA p 7I 0u{ P }) b“ r(p) r,A^} p€ffj(i ; iTi7i e> 

(pep;r 

where A is a finite set of Ej(r)-sentences, and Hj(u, r, 7 , 0) = {p G Mh 2 (z?)riT : 
4 7 (p) nrCp&0nrCp}is the resolvent class for r G Mh 2 {t) with respect 
to j, V, 7 and 0. By (|29|). for any p G Hj(p, t, 7 , 0) we have 

Ve > 0\/K[max{r+l, A} < re < 7 r => p < t G 'H 7 (4’ K ,('y#e))r\K C V’«(7# e )] (36) 


Case 5.1. First consider the case when r < A. Then p < VVc(7# e ) for any re G 
[A, 7 r] and e > 0. From SIH with (13611 we obtain the lemma by an inference rule 
(t G Mh 2 (i),j, v) with the resolvent class Hj(v, r, 7 , 0) for /3e = x<p\{ai), /3 r (p) = 

i>\(,Or(p)),T < P = 

{(?4+i, 9) bg r, -^} feA {p+i,9 U {p}) bggj r, A^>} peg . (p , T , 7 i e) 

pa + i, 0 ) b^r 

Case 5.2. Second consider the case when A < r. Then A U A^ ,T ^ C Ei(r + ), 
and p < ipK,('y#e) for r < re < 7r and e > 0 by (13^1) . SIH yields for /? 2 = tp T +^t 
and /3 P = 'ip T +a r (p) 

{(w*i + 1 , 0 ) bg r,-.< 5 } (5eA 

We see similarly from SIH that 




-(p)+i 


,0U{p})bJ F, A^ , ' r ^} p€ j ?i(i 7 |Ti7i 0 ) 


Predicative cut-elimination lemma 14.121 yields for 82 = <p(P 2 )(/? 2 ) and S p = 

<p(Pp)(Pp) 

{(H-a e + 1,0) b£ 2 r,-i(5}a gA 

and 

{(^ + i,e u {p}) b£> r, A^} peHj{ ^ 6) 

From these with the inference rule (r G Mh 2 {J),j 1 V) we obtain 

(«ao +1 , 0 )b*’ +1 r ( 37 ) 


where sup{c5 2 ,<5 p : p G Hj(v,T,a 0 + 1,0)} < <5 0 := <fi(Po)(Po) G ? 45 + 1 [ 0 ] 
with sup{/3 2 ,/3 p : p G Hj(v, t , 7 , 0 )} < /3 0 := ip T +d 0 , and sup{a^,a r (p) : p G 
Hj{V 1 t , 7 , 0)} < ao G 77 7 [0] l~l a, cf. fiCl) . 

As to (®, {P,t} C 7 ^s 5 + i[ 0 ], and VeVp G [A,r][0 C ip p {a 0 + l#e)]. 

MIH with (1571) and CHI) yields for <5 = '!/A(do#w T+<5o+2 ) 

(? 4 + i, 0 ) bfr 
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We have S = 'i/)\(a'o#to T+So+2 ) < ip\(a) = ft by do < a and t,5o < t + < n and 
r £ H 7 [0], (l27l) follows. 


Case 6. Sixth consider the case when the last inference is a (cut). For an 
oq < a and a C with rk(C) < 7 r. 


(H 7 , 0 )b“°r,-c (w 7 , 0 )h?c,r 
(h 7 ,0) i-“ r 


(cut) 


Case 6.1. First consider the case when rk(C) < A. Then C £ So (A). SIH 
yields the lemma. 


Case 6.2. Second consider the case when A < rk(C) < 7r. Let p + = (rk(C)) + = 
min{«; £ Reg : rk(C) < k}. Then C £ £o(p + ) and A < p £ H 7 [0] fl 7r. SIH 
yields for /? 0 = ip p +a 0 £ n^ + 1 [ 0 ] 

(Has+r,©) ^0 

and 

(^ss +1 ,0) i-gc'.r 

By a (cut) we obtain for /3i = max{/3o, rk(C)} + 1 with p < /3\ < p + 

(Wss +1 ,0)l-g F 

Predicative cut-elimination lemma H. 121 yields for = tp(/3i)(/3i) 

(Hao +1 ,0)l-? r > 

where we have do £ 'Hsj +1 [0], and VeVr £ [A, p][0 C ip T (do#e)]. 

Hence MIH with p £ 'H^ + 1[0] and (l28l) yields for b = ao#l#w p+l5l+1 

(ttn-1.0) l-Sx(S r 

We have b < a and t/A\(6) < ^a(o) = /3, and (l27l) follows. 


Case 7. Seventh consider the case when the last inference is an (12 £ M 2 ). 

(Up 0) r, C {(Up 0 U {a}) F“ r(a) r : a < 12} 

(u 7 ,e)i-“r 


where C £ n 2 (12). 

The case A > 12 is seen as in Case 5.1. The case A = 12 is seen as in Case 
5.2. 


□ 


Let us conclude Theorem ll.il Let 12 = 12i. 


31 






Proof of Theorem o Let KPIIjv P 9. By Embedding lemma H. 141 pick an m 
so that 

(Wo,0) ^ + 2 r e. 

Predicative cut-elimination lemma IT~P?1 yields for cu m (K-2 + m) < w m+ i(K+l), 

(HoJ) 6 . 

Lemma [5751 yields for a = w K + w « l +i ( K + 1 )+ 1 and ft = ip^i{a) 

(tta+r.0) rfo 

Predicative cut-elimination lemma 14.121 yields 

(Wa+i,0) v-l mp) e 

We have <^(/3)(/3) < a := + 1)) for n = m + 3, and hence 


(?C n (K+i), 0) ^ 

Boundedness lemma 14.101 yields 

(^w„(k+i)j 0) l“o 


Since each inference rule other than reflection rules {it £ M/i 2 (£), k, V), is sound, 
we see by induction up to a = ipn(ui n (K + 1)) that L a \= 9. □ 


6 Distinguished sets 

In what follows we show the Theorem II.21 Henceforth except subsection 17. II we 
consider ordinal terms without decorations. 

Let us begin with some elementary facts on notation system OT. 

Proposition 6.1 1. a < /3 => K a ( 7 ) D Kp( 7 ). 

2. Let /? = with 7 r = (a). Then a <b. 

3. If k < if%(b) < k + , then n = k + (, and u = 0). 

Proof. 16.1111 is seen by induction on £ 7 . 

16.1121 Let /3 = if"{b) with 7 r = '0|(a). Then Kp({-K,b} U K 2 (y)) < b. On the 
other hand we have /3 < n. Hence a £ Kp(n) < b. 

16.1131 Let k < iff (b) < k + . If v ^ 0, then k + < ip%{b). Hence V = 0. Let 
k = Ll a > a with k + = f2„ + i. Then a £ 'hb(,4>v(b)), and O a+ i £ 'Hb(*fn(b)). If 
k + = fl a +i < 7r, then k + < ipnib). Hence n < w < k + , and 7 r = k + . □ 

Proposition 6.2 a < /3 < k + => K K a < K k /3. 
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Proof by induction on ia. + (.fi. 

We can assume k < a, /3 = ip K +(b) and either a = k or a = ip K +(a) by 
IH and Proposition 16.1131 We have K k ({k, k + }) = 0 . Let a = ip K +(a). Then 
K K a = {a}Uif K ({/t + , a}), and by Proposition ^. 171 we have a < b and a £ 'Hb(ld), 
i.e., Kp{a) < b (or K a (a) < a by a £ OT). Let c £ K K a \ Kpa. This means 
that there exists a subterm ip K + (c) of a such that k < i\) K + (c) < ( 3 . By IH we 
have {c} U K k c = (c)) < K k /3. □ 


6.1 Coefficients 


In this subsection we introduce coefficient sets £(a), G K (a ), Fs(a),kg(a) of a £ 
OT, each of which is a finite set of subterms of a. These are utilized in our 
wellfoundedness proof in section [6] Roughly £ (a) is the set of subterms of 
the form and Fs(a) [k$(a)] the set of subterms< 5 [subterms> <5], resp. 

G K (a) is an analogue of sets K K a in [J. 

Let pd(ijj"(a)) = 7r (even if u = 0). Moreover for n, pd^ n \a) is defined 
recursively by pd^°\a) = a and pd (jl+ 1 \a) ~ pd{pd^ n \a)). 

For terms n, k £ OT, 7r -< «; denotes the transitive closure of the relation 
{(7r, k) : 3£36[7t = ^>| (&)]}, and its reflexive closure 7r ■< k n -< k V 7r = k. 

Definition 6.3 For terms a,K,S £ OT, finite sets £{a), G K (a), Fs(a), ks{a) C 
OT are defined recursively as follows. 

1 . £(a) = 0 for a £ {0,K}. £(a m H-b a 0 ) = U i< m ^( a i)- £{<PPl) = 

£{(3) U f( 7 ). £(co a ) = £(a). £(Sl a ) = £(a). 

2. £(tf(a)) = «( a )}. 

3. A(a) = UM(/?) : P € £ (a)} for A £ {G K , F s , k s }. 

4- 

( G k ({tt, a } U K 2 (V)) k<tt 
G K ( ijj”(a)) = < G k ( n) tt<k&ttj(k 

{ {</£(«)} 7T ^ « 




Fsijir, a} U K 2 (v )) > 6 

{V^O)} V£(a) < 8 


k s (^(a)) 


{(C(a)}} U k s ({n, a} U K 2 {y)) > S 

0 V£( a ) < 8 


For A £ {Kg, G k , Fg , kg} and sets X C OT, A(X) := (J{M(a) : a £ X}. 


Let OT n denote the subsystem of OT such that a £ OT n iff each ordinal 
subterm occurring in a is smaller than w ra (lK+ 1). 


Definition 6.4 1. For a £ OT flK, a £ OT„ -t=b £(a) C OT„. 

<?. If a =nf < w n (K + 1) with K < ft £ OT n , then a £ OT n , 
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3. Let a = ip%(a ) G OT such that {a, n} U K 2 {V) C OT n . Then a = ip%(a) G 
OT n . 

Proposition 6.5 For any n < oj and 5 = ipn(oj n (K + 1)), 

1. Va G OT n ip n (oj n (IK + 1)) (a G OT n ) . 

2. Va G OT({a} U K s (a) < u n (K + 1) => a G OT n ). 

Proof. These are shown simultaneously by induction on fa for a G OT. 

If a is not a strongly critical number, then IH yields the lemmas. Let 
a = ip„{b) for some 7 r, v, b. 

mi Let a < '0n(w,i(K+ 1)). Since Q is the least recursively regular ordinal, 
1)) < Ll and K a ({Ll, w„(K + 1)}) = 0, we see that b < w n (K+ 1), 
ip”(b) < f 1 and Kg(K 2 (v)U{n, 6}) < w„(K+l). By ip”(b) < Qwe obtain 7 r = fi, 
and V = 0. IH on Proposition ^. 5111 with {b}UKs(b) < w„(K+l) yields b G OT n . 

16.5121 Let Ks(a) < w n (K +1). If a < S = ipn(uj n (K + 1)), then a G OT n by 
Proposition 16.5111 Suppose a> 5. Then K^{a) = { 6 } U K$(K(V) U {n,b}). IH 
with 7 r < K yields { 6 , 7 r} C OT n . In particular b < w n (K + 1). This yields 
K(y) < b < w n (K + 1) by Definition I3.3I14| and I3.3IT51 Hence by IH we obtain 
K(y) C OT n . ' □ 

Therefore it suffices show the following Theorem 16.61 to prove Theorem 11.21 

Theorem 6.6 For each n < oj, KPHjv proves that ( OT n , <) is well-founded. 

Definition 6.7 S(r/) denotes the set of immediate subterms of rj when r] ^ £{rf). 
For example S(ipp'y) = {/3, 7 }. 5(0) := 5(K) := 0 and 5 ( 77 ) = { 77 } when 
77 G 5 ( 77 ). 

Proposition 6.8 For a, k, a, b G OT, 

1. G K (a) < a. 

2. a G FLafb) => G K (a) C T~L a {b). 

3. Let 7 <8. Then Fly (a) < /3&;Fg(a) < 7 => Fg(a) < p. 

Proof by simultaneous induction on fa. It is easy to see that 

G K (a) 9 /? =>■ ft -< «&f«: < f/3 < fa (38) 

EM Consider the case a = ipn( a ) with 7 r ^ re. First let re < 7 r. Then G K (a) = 
G K ({ 7 r, a}UK 2 (v)). On the other hand we have V 7 G K 2 (u)Li{n, a}(K a ('y) < a), 
i.e, K(y) U { 7 r, a} C FL a {a). Proposition 16.8121 with (1351) yields G k (K 2 (v) U 
{ 7 r, a}) C "H a (a) D k C H a (a) DfCa. Hence G K (a) < a. 

Next let n < k and 7 r ^ re. Then G K (a) = G k (tt). By IH we have G K (n) < 7 r, 
and G re ( 7 r) < n by n ^ k. On the other hand we have K a (jt) < a , i.e, 7 r G 7f a (a). 
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Proposition 16.8121 yields G K (7r) C TL a (oi) l~l tt C a. Hence G K (a) < a. 


16.8121 Since G K (a) < a by Proposition 16.8111 we can assume a > b. Again 
consider the case a = x with tt n. Then K 2 {v) U {77 a} C 'H a {b) and 
G K {a) C G k (K 2 (T) U { 7 r,a}). IH yields the lemma. 

16.8131 This is seen by induction on la. □ 

Proposition 6.9 Let (3 ^ a = xff{a). Then F n (K 2 (i /)) < /3. 

Proof. Let pd^ _ 1 ^(/3) = 7 Tj_i = V’?*( a i) with /3 = tto and 7 r = 7 r„. Then by 
7Ti_i < 7 Ti we have 7 t* G 'H aj+1 {'^j) for any j < i, and K 2 {v) C 'Ha j+1 {nj) for 
V = V n and any j < n. On the other hand we have TL aj+1 ( 717 ) f~l 77+1 C ttj. We 
see by induction on n — j > 0 that F v (K 2 (v)) < it j- □ 

Proposition 6.10 Let 7 A r and 7 -p Then G k (t) C G k (7). 

Proof. Let 7 -p re. We show 7 ^ r G k (t) C G k ( 7 ) by induction on £7 — fr. 
Let 7 p, t = ip”(a). By IH we have G k (t) C G K ( 7 ). On the other hand we have 
G k (tt) C G k (t) since tt -ft k and 7 r = re =>• G k (7t) = 0, cf. (1551) . □ 

Proposition 6.11 Let a,a, n,/3,5 G T with a = xp%(a) for some (a}UA' 2 (j7) C 
T. If 13 ^ 1I a (ct) and Kg(/3) < a, then there exists a 7 € Fg(f3) such that 
TLa(a) ^ 7 < < 5 . 

Proof. By induction on £/3. Assume (3 £ TLa{a) and Ks{f3) < a. By IH we 
can assume that P = xp^{b). If /? < <5, then fi G Fg(/3), and 7 = /3 is a desired 
one. Assume ft >6. Then we have K t p/3) = { 6 } U Kg{{b, re} U if 2 (|)) < a. 
In particular b < a, and hence {b, re} U K 2 (f) (jL r H a (a). By IH there exists a 
7 G Fg({b, re} U K 2 (f)) = Fg{f3) such that TL a {a) jh 7 < < 5 . □ 

6.2 Rudiments of distinguished sets 

In this subsection, working in the set theory KPf for limits of admissibles, we 
will develop rudiments of distinguished classes, which was first introduced by 
W. Buchholz m- Since many properties of distingusihed classes are seen as 
in mm, we will omit their proofs. 

As in 0] our welfoundedness proof inside KPH^v goes as follows. The well- 
foundedness of OT is reduced to one of the relation -< in the following way. 
a G V(X) in Definition 16.12131 is intended for a to be in the wellfounded part 
of -< with respect to a set X. In Lemma 16.381 it is shown for a Ai-class G{X) 
defined in Defmition l6.261 that 77 G G(X) C\V (X) yields the existence of a distin¬ 
guished set X 1 such that rj G X' provided that A is a distinguished set which is 
closed under the ‘hyperjump’ operation X i-» X' for any 7 —< 77. Let us call such 
an X rj-Mahlo. It turns out that we need the fact that X C V(X) for any dis¬ 
tinguished sets X in proving Lemma 16.381 Furthermore we need even stronger 
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condition X C V*(X) for the Claim 16.391 in Lemma T6.381 where V*(X) is de¬ 
fined in Definition 16.12151 This motivates our Definition 16.19111 of distinguished 
sets (TUI) . 

There remain three tasks for each 77 £ OT. One is to show that 77 £ G(X), 
second to show rj £ V(X), and third the existence of an 77 -Mahlo distinguished 
set. It is not hard to show 77 £ G{X) by induction on a for 77 = cf. 

Lemma T 8 . 2 1 Next for sets P let W p be the maximal distinguished class in P. 
W p is Ef, i.e., Ei-definable class on P, and is a distinguished set in P 
for any sets Q £ P, cf. subsection 16.41 In particular W = W L is the maximal 
distinguished class for the whole Iljv-reflecting universe L. Let us say that P 
is 77 -Mahlo if W p is an 77 -Mahlo distinguished class. In view of Lemma 16.381 
P is 77 -Mahlo if P is Il 2 -reflecting on 7 -Mahlo sets for any 7 -< 77 since G{W P ) 
is II P . This means that we need to iterate recursively Mahlo operations along 
-< up to a given 77 assuming that 77 is in the wcllfounded part V{W). Now if 
7 ^ 77 , then the sequence of ordinals {mk{”f)}k is smaller than {mk(r])}k in a 
sense. Indeed we could assign an ordinal oi({mfc( 7 )}) < £k +2 in such a way 
that oi({mfc( 7 )}) < o\({mk{rf)}) as in Definition 12.141 However if we refer 
such a big ordinal oi({mfc( 77 )}) > 77 explicitly in defining 77 to be in V(W), the 
persistency (15U1) in Definition 16.12131 does not hold. As we see it in this section, 
the persistency is crucial for distinguished sets, cf. Proposition 16.231 

The fc-predecessors defined in subsection 17.11 are needed for us to embed 
the relation -< on OT to an exponential structure induced solely from ordi¬ 
nals { 77 ifc(? 7 )}fe, cf. Lemma 17.211 Coefficients in the exponential structure 
for 77 consist of hereditary fc-predecessors of 77 for 2 < k < N — 1. Roughly 
rj £ V(X) = Vjv(X) introduced in subsection 17.31 if these coefficients are in the 
wellfounded part of some relations <k- For the persistency (15U1) of Vn{X) we 
need to augment a datum to the exponential structure. Then KPHjv proves 
the existence of an 77 -Mahlo universe under the condition 77 £ Vn{W), cf. The¬ 
orem [TT5] and Lemma T7.24121 On the other side relations <k are defined so that 
P <k 7 => st(rrik{/3)) < st{nrik{ 7 ))- Hence the task to show 77 £ Vjv(VV) is 
reduced to show the wellfoundedness of < on OT, cf. Lemma 18.81 Thus these 
three tasks together with showing the wellfoundedness of < have to be done 
simultaneously. 

X, Y,... range over subsets of OT n . While X,y,... range over classes. 

We define sets C a (X) C OT n for a £ OT n ,X C OT n as follows. 

Definition 6.12 Let a,/3 £ OT n ,X C OT n . 

1. Let C a (X) be the closure of {0, K}U(Xfla) under +, K < /3 >->• ujP £ OT n , 

{(3,1) t/ 37(/?,7 < K), K > /3 i->- % > j3, and (cr,/3,|) ^ for 

cr > a in OT n . 

The last clauses say that, if Glp > /3 £ C a (X) => Glp £ C a (X), and 
■01(a) £ C a (X ) if {cr, a} U K 2 (£) C C a (X) and a > a. 

2. a + = D 0+ i denotes the least recursively regular term above a if such a 
term exists. Otherwise a p := 00 . Obviously a + is computable from a. 
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3. V(X) is a Ai-class such that 


Va < K[{X flQ = yn«4 V(X) n a + = V(Y) n a+) ( 39 ) 

A (-i3k, a, 0 (a =jvf V’f (a)) => a G U(X))] 

^ UC Q (X) :=y(I)nC“(X). 

5 . aGU*(X) :^a eV{X)kC a (X)na CV(X). 

6 . V*C a (X) :=V*(X)nC a (X). 

Proposition 6.13 Xna = i'fla=> C a (X) = C a (Y) and X >->• C a (X) is 
monotonic. 

Proposition 6.14 a < f 3 < a + => C a (X) C C&(X). 

Proof. By induction on £ 7 (7 G OT n ) we see that 7 G C“(X) =>■ 7 G C^(X). □ 

Proposition 6.15 Let d < K. 27ien F$(a) U ks(a) Cl^aG C K (A). 

Proof. This is seen by induction on £a. □ 

Proposition 6.16 Assume a G C a (X) and a<a. Then <7 G C a (X). 

Proof. We see by induction on £a — ia that a G C a (X ) &aAcr=><TGC“(X). 

□ 

Proposition 6.17 (Cf. [2], Lemmas 3.5.3 and 3.5.4.) Assume V 7 G Xpy G 
Ci(X)\ for a set X C OT n . 

1 . a<^tf(X)cC“(X). 

2 . a < p < a + => C^(X) = C a (X). 

Proof. 16.17111 We see by induction on £7 (7 G OT n ) that 

V /3 > a[7 G C^(X) => 7 G C a (X) U(Xn ft)\ ( 40 ) 

For example, if ?/>f ( 6 ) G C^(X) with n > p > a and {77 < 5 } U X 2 (|) C C Q (X) U 
(X fl / 3 ), then 7r G C q (X), and for any 7 G {d} U A' 2 (|), either 7 G C Q (X) or 
7 G X fl P by IH. If 7 < a, then 7 G X fl a C C“(X). If a < 7 G X fl P, then 
7 G C 7 (X) by the assumption, and by IH we have 7 G C a (X) U (X fl 7), i.e., 
7 G C“(X). Therefore {77 d} U X 2 (|) C C a (X), and ^f(<5) G C a (X). 

Using (TO we see from the assumption that V/3 > a [7 G C^(X) => 7 G 
C a (X)]. 

16.17121 Assume a < p < a + . Then by Proposition I6.17H1 we have C^(X) C 
C Q (X). Conversely C a (X ) C C^(X) is seen from Proposition l6.14l □ 
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Definition 6.18 1. Prg[X,Y] :<S=> Va £ X(X tla CY ->aeF). 

2. For a definable class X, TI[X] denotes the schema: 

TI[X] Prg[X, y] —> X C y holds for any definable class y. 

3. For X C OT n , W(X) denotes the wellfounded part of X. 

4. Wo[X] :^X C W(X). 

Note that for a £ OT ni W(X) (~l a = W{X fl a). 

Definition 6.19 For X C OT n and a £ OT n , 

1. 

D[X} A < K&Va(a < X ->• W(V*C a {X)) n a + = X n a+) (41) 

A class X is said to be a distinguished class if D[A']. A distinguished set 
is a set which is a distinguished class. 

2. W := U{^ : D[X}}. 

Since, in KP£, the wellfounded part W(X) of a set X is again a set, D[X] 
is Ai. Hence both W and C Q (W) are Si. Obviously any distinguished set X 
enjoys the condition Va £ X[a £ V*C a {X)\. 

Proposition 6.20 D[X\ =>■ Wo[X]. 

Proposition 6.21 (Cf. Lemma 3.30 in [5].) 

Let X be a distinguished set. Then a £ X =>■ V/3[a £ C&(X)\. 

Proposition 6.22 (Cf. Lemma 3.28 in j3].) 

For any distinguished sets X and Y, the following holds: 

Ifla = yna^V^< a+{V*CP{X) n /3+ = V*C 0 (Y) n p + }. 

Proof. Assume that Ina = Ffltt and 0 < a + . By the condition (l39l) we 
have V(X) n 0+ = V(Y) n 0+. 

On the other hand we have by Pronositions lfi. 1 7l2l and IfiTdl C /3 (X) = C^(F), 
and for any <5 < 0 + , C S (X) = C S (Y). Hence V*(X) 0 0 + = V*(Y) fl 0 + . □ 

Proposition 6.23 Let X and Y be distinguished sets. 

1. a < X & a < Y =>Afl a + = F fl a + . 

2. Either X C e Y or Y C e X, where X C e Y designates that Y is an end 
extension of X, i.e., X C e Y IcF &Va £ Y\/0 £X{a<0-^a£ 
X). 

Proposition 6.24 W is the maximal distinguished class, i.e., D[W]. Also 
TI[W\ for W C K. 
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6.3 Sets C a (X) and g(X) 

In this subsection we will establish elementary properties on sets C a (X). 


Proposition 6.25 (Cf. [2], Lemma 3.6.) Let 7 < f3. For a distinguished set X 
assume a £ C 7 (X) and Vk < /3[G K (a) < 7 ]. 

1. Assume LIH : M8[18 < lalzS £ C 7 (X) n 7 =8 8 £ C^(X)]. Then a £ 
Ct(X). 

2. C 7 (X) n7Cl4ae C0(X). 

Proof. 16.25111 bv induction on la. If a < 7, then a £ C 7 (AT) D 7. LIH yields 
a £ C^(X). Assume a > 7. Except the case a = ip%( a ) f° r some 77 a, V, IH 
yields a £ C l3 (X). Suppose a = ip^{a) for some { 7 r,a} U K 2 (u) C C 7 (A') and 
7 T > 7. If 7 r < / 3 , then {a} = G^(a) < 7 by the second assumption. Hence this 
is not the case, and we obtain 7 r > /?. Then G K ({ 7 r,a} U K 2 (V)) = G K (a) < 7 
for any k < /? < tt. IH yields { 77 , a} U K 2 [p) C 0 3 (X). We conclude a £ C^{X) 
from 7 t > /3. 

□ 


Definition 6.26 g{X) := {a : a £ C“(AT) &C Q (AT) flaCX}. 

Proposition 6.27 Let a £ CP(X) and X D /? C C 7 (X) /or a distinguished set 
X. Assume In fi < 8. Then F$(a) C C@(X). 

Proof. By induction on la. Let {0,K} ^ a £ C /3 (X). First consider the case 
a £{a). If a £ X fl (3 C ^(A - ), then £(a) C C“(X) n a C X C C@(X) by 
Proposition l6.21l Otherwise we have a $ £{ot) C C^(X). In each case IH yields 
F s (a)=F s {£(a))cCP(X). 

Let a = ip%(a) for some 7r ,u,a. If a < 8, then Ft,{a) = {a}, and there is 
nothing to prove. Let a> 8. Then Fs(a) = Ea({7r, a} U K 2 {v)). On the other 
side we see {770} U K 2 (p) C C@(X) from a £ C l3 (X) and the assumption. IH 
yields Fs(a) C C^(X). □ 

Next we show X C 0(X) for any distinguished set X , cf. Lemma f6.3 II 

Proposition 6.28 Let X be a distinguished set, and assume X O /3 C Q(X). 

1. Vr[a £ X 0/3 =>■ G T (a) C X]. 

2. V/JVr[a £ C?(X) =*■ G T {a) C C^{X)}. 

Proof. By simultaneous induction on la. 

16.2811 1 Suppose a £ X O /3 C Q{X). Then a £ C a (X), and C a {X) HaCX. 

Let a £(a). Then £(a) C C a (X) C\a C X. IH yields G T (a) = G T (£(a)) C 
X. Assume a £ £(a ), i.e., a = '(/;))(a) for some 7r, a, if Then { 770 } U K{y) C 
C a (X) by a £ C a (X). We can assume 7r t. ThenG r (a) C G T ({7r, a}UK 2 (v)). 
By IH with Proposition 16. 81 II we have G T {a) C G r ({7r,a} U K 2 (y)) C C a (X ) 0 
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a C A. 


16.28121 Assume a G C /3 (X). We show G T (a) C C^(X). If a G X n f3, then 
by Propositioi I6. 28111 we have G T (a) C X n (3 C C^(A). Consider the case 
a X fl f3. If a ^ £(a), then IH yields G r (a) = G T (£(a )) C C^(A). Let 
a = for some {77 a} U K 2 (V) C C^(X) with /3 < 7 r ^ r. IH yields 

G T (a) C G T ({7r, a} U K 2 {v)) C C^(X). ' □ 

Proposition 6.29 Let X be a distinguished, set, and assume X n /3 C Q(X). 
Then 

VaVa < /3[a G C P {X) => G a {a) C X\. 

Proof. By induction on la using Proposition I6.28H1 we see a G C / 3 (X)&cr < 
f3 => G a (a ) C X. □ 

Proposition 6.30 Let X be a distinguished set. Assume X n 7 C 17(A), and 
a G C 7 (A) n 7 . Then C a (X) C«CC 7 (A). 

Proof. First suppose that there exists a <5 such that a < 8 £ X fl'y C. G(X). 
Then C S (X) fl 8 C X. If a = 8, then C Q (A) fl a C X C C 7 (A) by Proposition 
16.211 Let a < 8 . Then An<5 C G( A), and a G C s ( A) n<5 by Proposition 16.171 fl 
Moreover we have 8 G A. Therefore it suffices to show the proposition under 
the assumption 7 G A, for then C a ( A) n a C C 5 (A) n a C A C C 7 (A). 

Let us prove the proposition by main induction on 7 G A. If a < A n 7, 
then MIH yields the proposition as we saw it above. In what follows assume 
A n 7 < a. 

By subsidiary induction on la + 1/3 we show that 
(3 G C Q (A) n a /3 G C 7 (A). 

If (3 G A, then /3 G C 7 (A) follows from Proposition 16.211 In what follows 
suppose (3 X 

If f3 ^ £{/3), then f3 G C 7 (A) is seen from SIH. Assume f3 = ^(a) with a 
7 r > a and some K 2 (i 7) U {77 a} C C“(A). If a ^ £(a), then /3 < <5 for some 
8 G £(«) C C 7 (A) 67 . Since SIH yields (3 G C 7 (A). Let a = ^f( 6 ) for 

some K,b,£. By A ^ a G C 7 (A) we have 7 < k. 

First consider the case 7 < 7 r. Then Ver < U K 2 {V)) = G a (/3) < 

f3 < a] by Proposition ^. 8111 Since £?? < 1/3 for each p G {77 a} U K 2 [y), by SIH 
we have LIH: f/8[l8 < lr]h8 G C“(A) fl a =>■ <5 G C 7 (A)] in Proposition 16.25111 
which yields {77 a} U K 2 {V) C C 7 (A), and f3 G C 7 (A). 

Next assume 7 r < 7 < k. 7 t ^ 77b(a) since otherwise by 7 r < k we would have 
7 T < a. Then by Proposition 12.171 we have a > b and A 2 (£) U {k, b} (jL TL a {/3). 
On the other hand we have K a {K 2 {£) U {k, f>}) < b < a. By Proposition 16.Ill 
pick a 8 G F a (K 2 (f;) U {«, b}) such that % a (/3) ^ 8 < a. We have IS < la and 
A 2 (f) U {k, b} C C 7 (A). Hence by Proposition 16.271 we obtain 8 G C 7 (A) 07 . 
From f3 £ 7 i a {/3) we see f3 < 8 . If f3 = 8 G C 7 (A), we are done. Let f3 < 8. 
Then /3 G C s ( A) fl 5, and SIH with 18 < la yields (3 G C 7 (A). □ 
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Lemma 6.31 Let X be a distinguished set. Then X C G(X), 

Va € XVr(G T (a) C X), and Va G C 7 (X) n 7 (C Q (X) flaC C 7 (X)). 

Proof. We have 7 G C 7 (X) for 7 G X. 

Assume a G C 7 (X) PI 7 . We have 7 G W (C 7 (X)) n 7 + = A P 7 + by 7 G A'. 
Hence a G W(C 7 (X)) fl 7 + C X. Next Va G XVr(G T (a) C X) is seen from 
-A C (7(X) and Proposition l6.28lf1 Finally Va G C 7 (X) fl 7 (C“(X) fla C C 7 (X)) 
is seen from Proposition □ 

The following Propositions 16.321 and 16.331 are seen from Lemma 16.311 

Proposition 6.32 Let X be a distinguished set. Then a < X fl /3&a G 
C p (X) a G X . 

Proposition 6.33 Let X be a distinguished set, and a G A. Then C Q (X)Oa C 

X. 

Proposition 6.34 Let X be a distinguished set, and a G X. Then 5(a) C X. 

Proof. Let a G X. Then a G C a (X) by Proposition 16.211 Hence 5(a) 0 a C 
C a (X ) fl a C X by Proposition 16.331 □ 

Proposition 6.35 Let X be a distinguished set. a G C S (X) => Fs(a) C X. 

Proof by induction on ta. If a G X fl <5, then 5(a) C X by Proposition 16.341 
and F$(a) = Fs(S(a)) C X by IH. Otherwise 5(a) C C S (X), and Fs(a) = 
F s (5(a)) C X by IH. ' □ 

Proposition 6.36 Let X be a distinguished set, and put Y = W(V*C a (X)) fl 
a + for an a < K. Assume that a G G{X) and 

V/3 < K(X < ^&/3 + < a + =► W(P*C^(X)) Oji+cX). 

XTien a G T and D[y]. 

Proof. As in mm this is seen from Lemma 16.311 □ 

Proposition 6.37 0 G X for any distinguished set X ^ 0 . 

Proof. This is seen from Propositions 16.361 and 16.23111 □ 


The following Lemma T6.381 is a key on distinguished classes. 


Lemma 6.38 (Cf. Lemma 3.3.7 in [4].) 

Let X be a distinguished set, and suppose for an rj < K 

v g g(x) n v(x) 


and 


Then 


v 7 -< 77(7 g g(x) n v(x) -»• 7 g x) 

T) G WiV'C^X)) n rj + and D[W(V*C 11 (X)) 0 77 +]. 


(42) 

(43) 
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Proof. By Proposition 16.361 and the hypothesis (El) it suffices to show that 
V/3 < K(X < 0k0+ < ri + => W(V*C P (X)) n 0+ C X). 


Assume X < 0 < K and 0 + < r] + . We have to show W{V*C^{X)) fl 0 + C X. 
We prove this by induction on 7 G W(V*C^(X)) PI/ 3 +. Suppose 7 £ V*C /3 (X) fl 
0 + and 

MIH : V*C P (X) Ply C X 

We show 7 G X. 

First note that 7 < X => 7 G X since if 7 < <5 for some 5 € X, then by X < 0 
and 7 G V*CP{X) we have 5 < / 3 , 7 G V*C 5 (X) and <5 G W(V*C 4 (X)) n 5 + = 
X D < 5 + . Hence 7 G W(y*C' 5 (X)) fl < 5 + C X. Therefore we can assume that 


X < 7 

(44) 

7 G S(X) 

(45) 


First 7 G C 7 (X) by 7 G C ,3 (X) n 0 + and Proposition 16.171 Second we show the 
following claim by induction on £a: 

Claim 6.39 a G C 7 (X) fl 7 =$■ a G X. 

Proof of Claim [67391 Assume a G C 7 (X)Ply. We have a G P(X) by 7 G V*(X). 
Also by Proposition 16.311 we have C“(X) fl a C C 7 (X) fly C P(X). Hence 
a G P*(X), and We have a G C^(X) fl 7 => a G X by MIH. 

We can assume 7 + < 0 for otherwise we have a. G V*C 7 (X)Ply = P*C / 3 (X)Pl 
7 C X by MIH. In what follows assume a ^ X. 

First consider the case a ^ £(a). By induction hypothesis on lengths we 
have £(a) C X C C / 3 (X), and hence a G P*C / 3 (X) Pi 7 . Therefore a G X by 
MIH. 

In what follows assume a = for some 7r > 7 such that {7r, a}UX 2 (P) C 

C 7 (X). 

Case 1. 0 < ?r: Then Vk < / 3 [G k ({ 7 t, ojuit 2 ^) = G K (a) < a < 7 ] by Propo¬ 
sition 16.8111 Proposition 16.25111 with induction hypothesis on lengths yields 
{ 7 T, a}VJK 2 (y) C C / 3 (X). Hence a G V*C /3 (X) Ply by 7 r > 0. MIH yields a G X. 

Case 2. 0 > n: We have a < 7 < 7 r < 0. It suffices to show that a < X. Then 
by (E|) we have a < S G X for some S < 7 . V r *C < 5 (X) 9q<<5gXPIi 5 + = 
W(y*C 5 (X)) n <5+ yields a G W(V*C S {X)) fli+cX. 

Consider first the case 7 ^ £(7). By Proposition 16.371 and 7 < /3 + < K 
we can assume that 7 ^ { 0 ,K}. Then let <5 = max .S’(7) denote the largest 
immediate subterm of 7. Then d G C 7 (X) Pi 7 C V(X) by 7 G V*C 1 (X), and 
by (El) . X < 7 G C / 3 (X) we have S G C / 3 (X) Pi 7. Moreover by Lemma 16.311 we 
have C S (X) Pi S C C 7 (X) Pi 7 C V(X), and S G V*C^(X) Pi 7. Hence 5 G X by 
MIH. Also by Q a = a, we have a < <5, i.e., a < X, and we are done. 
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Let 7 = for some 6 , £ and k > (3 by ©. We have a< 7 < 7 r</ 3 <K. 
7 r ^ 'Hb ( 7 ) since otherwise by tt < k we would have 7 r < 7 . Then by Proposition 
12.171 we have a > b and A 2 (£) U {«;, 6 } <f_ 'H a [oi). On the other hand we have 
A 7 (A 2 (£) U {k,&}) <b < a. By Proposition 16. Ill pick a 5 £ F 1 {K 2 { U {«, &}) 
such that H a (a) ^ S < 7 . Also we have A 2 (£) U {k, 6 } C C^(A). Hence by 
Proposition 16.271 we obtain 5 £ O' 3 (A) fly. Moreover by Lemma [6.311 we have 
C\X) O S C C 7 (A) 07 c U(A), and S £ C P {X) n 7 C C 7 (A) n 7 C U(A). 
Hence 5 £ V*C^(X) fl 7 . Therefore a < (5 £ X by MIH. We are done. 

Thus Claim I7TTTTTT1 is shown. □ 

Hence we have (|45|> . 7 £ Q(X) 0 V(X). We have 7 < /3 + < ?y &7 £ C 7 (A). If 
7 -< 77, then the hypothesis (1431) yields 7 £ A. In what follows assume 7 ^ 77. 

If Vr < ? 7 [G r ( 7 ) < 7 ], then Proposition 16.25121 yields 7 € C V (X) 0 r) C X by 
V G G{X). 

Suppose 3 t < r][G T ( 7 ) = { 7 }]- This means, by 7 7 4 77, that 7 -< r for a 
t < rj. Let r denote the maximal such one. We have 7 < r < 77. Proposition 
16.161 with 7 £ C 7 (A) yields r £ C 7 (A). 

Next we show that 

Vk < ? 7 [G K (r) < 7 ] (46) 

Let k < rj. If 7 ^ re, then G k (t) C G k ( 7 ) < 7 by Propositions 16.101 and 16.8111 
If 7 -< re, then by the maximality of r we have re A r, and hence G k (t) = 0, cf. 
(f38l) . (l46l) is shown. 

Hence Proposition I6.25t2l yields r £ C V (X), and r £ C V {X) fl rj C A by 
77 £ ^(A). Therefore A < 7 < r £ A. This is not the case by (TH1) . We are 
done. □ 

6.4 Mahlo universes 

Definition 6.40 1. By a universe we mean either a whole universe L or a 

transitive set Q £ L in a whole universe L such that uj £ Q. Universes are 
denoted P,Q,... 

2. A universe P is said to be a limit universe if P is a limit of admissible 
sets. Lmtad denotes the class of limit universes. 

3. For a universe P, Ao(Ai) in P denotes the class of predicates which are 
A 0 in some Ai predicates on P. 

We see the absoluteness of the predicate D[ A] over limit universes. 
Proposition 6.41 Let P be a limit universe and X £ V(uj) fl P. 

1. W(V*C a ( A)) is Ai andD[ A] is A 0 (Ai). 

2. W(P*C“(A)) = {a : P \= a £ W(V*C a { A))} and D[ A] ^ P \= D[ A], 
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Definition 6.42 For a limit universe P set 


W p = |J{X G P : D[X}} = (J{X gP:P\= D[X}}. 

Thus W L = W for the whole universe L. 

Proposition 6.43 For any limit universe P, D[W P }. 

Proposition 6.44 For limit universes P,Q, Q £ P => W® C W p & W® G P. 

Proposition 6.45 For any limit universe P 

0 £ C Q (W P ) •<->■ 3X G P{D[A] &/3 G C Q (X)}. 

In the following Proposition 16.461 by a flj -class we mean a first-order defin¬ 
able class. 

Proposition 6.46 Let X be a ff Q-class such that X C Lmtad. Suppose P G 
rM 2 (X) and a G f/(W p ). TTien f/iere exists a universe Q £ P C\ X such that 

a £ g(w Q ). 

Proof. This is seen as in [4]. □ 

Lemma 16.381 together with Proposition 16.461 yields the following Corollary 
16.471 which is the key in our wellfoundedness proofs by distinguished sets. 

Corollary 6.47 (Cf. Lemma 6.1 in |3j.) 

Let X be a fl \-class such that X C Lmtad. Suppose P £ rM 2 (X) and 

rj £ g(yv p ) n v(yv p ) n k. 

Assume that there exists a distinguished set X\ £ P such that 

\/Q£P<AX[X 1 £Q^t 1 £V(W q )} (47) 

Further assume that any Q £ P n X with X\ £ Q enjoys the following 
condition: 

V 7 -< 7(7 G G{W Q ) n V(W Q ) => 7 G W Q } (48) 

Then p £ W p . 

Corollary 6.48 Suppose L £ rM 2 {rM 2 {Lmtad)) and S(rj) rj £ g(W) fl K. 
Then r] £ W. 

Proof. (l47l) and r/ £ V(W) holds by the condition (l39l) . Also any set Q £ 
rM 2 {Lmtad) enjoys C51) even if r\ =nf O a +i- Specifically we have V 7 -< ^{7 G 
g(yV Q ) fl P(W^). This is seen from Corollary 16.471 since there is no S -< 7. 
Hence Corollary 16.471 yields rj £ W. □ 

Proposition 6.49 Suppose L £ rM 2 (rM 2 (Lmtad)). Letri < A and S(rj) C W. 
Then 77 G W. 

Specifically 
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1. rj =nf Vm + • • • + Vo & {Vi '■ * < tti} C W => 77 £ W (m > 0). 

£. fl =nf <£/? 7 &{/ 3 ,7} C W =>■ 77 £ W. 

5. 77 —jv f II a & a £ W => 77 £ W. 

Proof. We can assume that 77 ^ £(rf) and 77 ^ 0 by Proposition 16.371 We have 
S(rj) C C n (yV) by Proposition 16.211 and hence 77 £ C r) (W). By Corollarv l6.48l it 
suffices to show 

a£C r ’(W)nrj^a£W (49) 

16.49111 It suffices to show that 

rj = / 3 + 7 & {(3, 7} C W 77 £ W 

by induction on 7 £ W, where /3+7 designates the fact that the natural sum 
/3#7 = (3 + 7, and /3+7 denotes the sum (3 + 7. We have 77 £ C^(W) = C I? (>V). 
We show (l49l) . If a < (3, then Proposition 16.331 yields a £ W. Let a = (3+6 
with 6 < 7. Proposition 16.331 yields 6 £ W. IH yields a £ W. 

16.49121 By main induction on (3 £ W with subsidiary induction on 7 £ W we 
show 77 = if (3 7 £ W. We show (147)1) by induction on la. If a —nf ct m + • • • + 
Qfo (? 7 i > 0), then the induction hypothesis on the lengths yields {a, : i < m} C 
W. By Proposition 16.49fTI we obtain a £ W. 

If a =nf II a , then a < max{/ 3 , 7 }. Proposition 16.331 yields a £ W. 

Finally let a =nf The induction hypothesis on the lengths yields 

{/3i, 71 } C W. If /3i < (3, then MIH yields a £ W. If (3\ = (3 , then 71 < 7 , and 
SIH yields a £ W. If (3\ > (3 , then a < 7 . Proposition 16.331 yields a £ W. 

16.49131 By induction on a £ W we show 77 =nf £ W. We show (H51) by 
induction on la. If either a =nf ckm + ' • - + ao ( TO > 0) or a =nf +f3l, then the 
induction hypothesis on the lengths yields S(a) C W. By Propositions I6.49TT1 
and I6.49P1 we obtain a £ W. Let a =nf H&- Then b £ W fl a, and IH yields 
a £ W. □ 


7 Iterating recursively Mahlo operations 

In this section we define a tower relation on ordinal terms. An ordinal term is 
associated with each tower. This extra datum, which is wrongly absent in m, 
is utilized to show the persistency (|39l) of the set Vn(X) defined in Definition 

177221 

Definition 7.1 Let < 1 , <0 be two transitive relations on u. 

1. The relation <#= E(< i,<o) is on sequences {(nj,n°) : i < l) of pairs 
with ^-decreasing first components (n} +1 <1 n}), and is defined by 
((nj,n°) : i < lo) <e ((ro|,7n?) : i < l\) iff either 3k\/i < kMj < 2 [n{ = 
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m{ k(nl,nl) <l (ml,ml)] or £ 0 < l\hMi < £ 0 \/j < 2 [n{ = m{], where 
<l= L(< i, <o) denotes the lexicographic ordering: 

{ni, n 0 ) <l (mi, too) m <1 mi V (m =ffliAn 0 <o m 0 ). 

Write J2i<e^ n i f° r (( n h n i) '■ i < £)■ 

2. Let dom(<E) denote the domain of the relation <e- 

dom(<E) := {^2 A Hi nl : Mi < l—l(n\ +1 <i n ]) & n\, n°, t G w}. 
i<e 

Definition 7.2 Let <,; (2 < i < N — 1) be transitive Ei-relations on w. Define 
a tower relation <r from these as follows. Define inductively relations <e 
(2<i<N~l). 

1■ <E N —i‘=<N—1‘ 

2. <EiE(<E i+ 1 , <i) for 2 < i < N — 2, cf. Definition 17.II 
Then let 

<t—<e 2 ■ 

Definition 7.3 Let <, (2 < i < N — 1) be transitive Ei-relations on ui, and 
-< be another transitive Ei-relation. Let 

S := {(a, 7 ) : 7 ^ 

for the reflexive closure ^ of 

1. Define a tower relation <r,p from these as follows. Define relations <E it p 
inductively: dom(<E N _ 1 , P ) = {( 0 , 7 ) G 5 : a £ dom(<N- 1 )}, and for 
2 < i < N — 1 and G dom(<Ei) 

(^2 A“”x n , 7 ) G dom(< Ei , P ) Vn < £((o n , 7 ) G dom(< Ei+1 , P ) & 7 r< £n) 

n<£ 

and 

( 0 , 7 ) < EiiP (/?, 77 ) ( 0 , 7 ), (/3,ri) G dom(< Ei ,p) & a <£* /3&7 ^ V 

where <# i is defined from {< cf. Definition 17.21 Then let 

<T,p- = <E 2 ,p ■ 


2 . 


( x : 7 ) <i,p (y,v) ( x > 7 )) (y,ry) G <i y &7 ^ 7? 
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3 . <EiW, P denotes the restriction of <Ei, P to the wellfounded parts W{<i tP 
) in the second components hereditarily. Namely define inductively for 
dom(<E N _ 1 ) = dom(< N -i), dom(< EN _ 1 w , P ) = dow(<_ Bjv _ 1 ) x dom{-<), 
(a, 7 ) <e n ^w, p (P,v) («. 7 ) <e n . up (P,v)- 

For i < N — 1 and £ dom(<£ i ), 

(Y2n<e^ anx m 7) G dom(<E i rv.p) iff 

Vn < f((a„, 7) G dom(< Ei+1 w, P ) & (xn,"f) £ W(<i, P )) 

And let <tw, p =<e 2 w, p - 

Definition 7.4 i. a £ rMi(X) a is Ilj-reflecting on X . 

2. For a definable relation <1 and set-theoretic universe P (admissibility suf¬ 
fices) let 


P £ rMi(a; <) P £ ^\{rM l (rM l (b; <)) : b <i p a}, 
where b <\ p a :<t=> P \= b < a. 

Note that rM*(a; <) is a n i+ i-class for (set-theoretic) E I+ i <. 

3. A relation < on w is said to be almost wellfounded in KP7 if KP£ proves 
the transfinite induction schema T/(a, <) up to each a £ u. 

In the following Theorem 17.51 <i (2 < * < N — 1) and -< denote arbitrary 
Ei-transitive relations on to such that a weak theory, e.g., KP£ proves their 
transitivities. 

Let <Ei, P denote the exponential orderings defined from these, and <tw, p 
denote the restriction of the tower < T p =< e 2 , p to the wellfounded parts W (<i, p ) 
in the second components hereditarily. 

For a £ oj and (a,rf) £ dom(<T, P ) with a = 'Yh n< ^A an x n define inductively 

{a, tj) < a :<=> Vn < £((a n , rj) < a) 

with (a, rf) < a a <n- 1 a for a £ dom(<N- 1). 

The following Theorem 17.51 is seen as in Theorem 3.4 of [3]. 

Theorem 7.5 Assume that the relation <n—i is almost wellfounded in KPA 
Then for each a £ ui, 

KPIhv P L £ P|{rM 2 (rM 2 ((a,r?); <tw, p )) ■ dom{< T w, P ) 9 < a} 

where L denotes the whole universe for KPIItv- 
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7.1 fc-predecessors, relations -<k 

In this subsection ordinal terms are decorated with indicators. 

As in [¥| for 2 < k < N and ordinal terms a = V’w( a ) with v ^ 0, the 
fc-predecessor pdfe(a) is defined without mentioning decorations, i.e., indicators 
in Vi £ E , cf. Definitions 13.3131 and 13.3141 The /c-predecessors are needed for us 
to embed the relation -< on OT to an exponential structure induced solely from 
ordinals {m k (a)} k (cf. Lemma 17.211) . which in turn yields sets V{X) = Vn{X) 
introduced in subsection [73] with the persistency (13^1) in Definition 16.121 As we 
saw it in section [6] the persistency is crucial for distinguished sets. 

Then it truns out that a -< pd k (a) holds and the fc-predecessor pd k (a ) 
is determined solely from the sequences {{mfc(/3)}2</c<iv-i '■ a ^ (3 < K}. 
Therefore it is convenient for us to handle directly the sequence of sequences V 
in defining fc-predecessors. After that, let us import them to ordinal terms. 

Let 7T i = pd(ni + i) for i < n < uj with n 0 = K. From Definition 13.31 we 
see that tt\ is defined from IK (and some b,a) by Definition 13.31141 each 7Tj + i is 
defined from 7q by Definition 13.31151 when 1 < i and i ^ 1 (mod (N — 2)), and 
each 7Tj + i is defined from 7q by Definition 13.31161 when 1 < i and 
i = 1 (mod (IV — 2)). This motivates the following. 

Let L be a number such that 0 < L = 0 (mod (N — 2)), and 7r a regular 
ordinal term such that pd^ L+1 \n) = K. Let 7r„ = pd^ n \n) for n < L + 1, and 
v n = (v n 2 , ... , v n ,N-\) be the sequence of decorated ordinals m k (v n ) = v nk '■= 
m k (Tr n ) £ E. Put v = vq. Let us write pd^ m \v n ) = v n +m for n + m < L. 
Otherwise put pd^ m \v n ) = 0. 

Then the following conditions are met for any numbers n = 0 (mod (IV —2)) 
and 2 < k < N — 2 with n < L. 

1. (Cf. Definition 13.311411 vl = 0 * ((&, K, a)) for some b < a < A. 

2. (Cf. Definition 13.311511 V* > k(mi{pd^ k ~^(v n )) = 0), 

Vi < k(rm{pd^ k \i /„)) = rrii{pd^ k 1 - ) (y n ))) and for some b < a < A, 
mkipd^ivn)) = m k {pd^\v n ))+A m ^ d(k) ^{b,n n+k ,a). In partic¬ 
ular 

mk+iipd^ivn)) = te(m k (pd < ' k ~ 1 \v n ))) (50) 

and 

m k (pd (N - 2 \V n )) = hd{m k {pd ( ' k ~ 1 ' > (?„))) (51) 


3. (Cf. Definition I3.3I16[) v n <k s i m 2 (i?n+i). 

This means that there exists a sequence {pi(v n )} 2 <i<N -2 of numbers such 
that, cf. Definition 13.3171 

m k (v n ) <Kst hd^ Pk ^\m 2 {pd(y n ))) (52) 

where p k {v n ) = {pi(v n ))2<i<k- 
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For ordinals v =nf A 1 ' m (b m , 7r m , a m ) + ■ ■ ■ + A 1/0 (bo,7ro,ao), w(y) = m + 1 is the 
width of v. For sequences V of ordinals Whip) := w{rrik{P)), the width of the 
/c-th term m k (y). 

Definition 7.6 For 2 < k < N, the k-predecessor pd k (v) of V is defined recur¬ 
sively. 

Define natural numbers ®c(n, V) (2 < k < N — 2, n < w k (V)) and 
q k {y) recursively on k + L as follows. q k {0, v) = q\[y) = 0 and 

q k (n + l,u) = q k - i(v) + {N - 2) + q k (n + 


where 


and 


f q k - i(P) if p k (i?) = 0 

\ r k {v) + qkipd^”^(if)) if p k {v) > 0 


(53) 


r k {v) = q k -i(p) + {N - 2) + q k (jpk- 2 {v) ~ 1 ,pd^ qk ~ l{v)+{N 2)) (i?)). 
Then put 

pd k {V)=pd (qk -^ )+k ~ 1 \V). 


Proposition 7.7 Put r k (v) =0 if p k (v) =0. 

1. m k (pd k {i 7)) = te{hd^ k - 1 ^\m 2 {pd{v)))) = te{m k -i{v)) (.k > 2). 

2. n < w k {v) => m k (pd ( ' qk( ' n ’^\u)) = hd^ n \m k (y)). 

3 . r k (y) > 0 => m k {pd^ rk ^ s> {y)) = hd^ k ^\m 2 (pd(u))) . 

4- r k {v) > 0 =>• m k (V) < Kst m k {jpd (rk(v)) {i /)). 

5. m k {v) <Kst m k (pd( qk ( i7 )+ fe - 1 ) (it)). 

Proof. First we show Propositions 17.711117.7121 and 17.7131 by simultaneous in¬ 
duction on k + L + n. 

17.7111 Let k > 2. We have te{hd^ k ~ 1 ^ v ' > ' > (m 2 (pd(u)))) = te(rrik- l(i')) by (1521) . 

First consider the case p k -\{y) = 0. Then q k -i(u) = q k - 2 (y), and for 
q = q k -2[y) + k - 2, m k {pdk{v )) = m k (pd^ q+1) (V)) = te{m k -i(pd^ q) {V))) = 
te{m k -i(pdk-i{P))) by ([50]). 

When k = 3, qi(P) = 0 and m^{pds{v)) = te{m 2 {pd{v))) = te(m 2 ( 1 ?)) by 
P 2 (p) = 0 . 

Let k > 3. By 1H mk-i(pd k -\{v)) = te{hd^ k - 2 ^\m 2 {pd{y)))), and 
, m k (pdk{v)) = te^eihd^- 2 ^ (in 2 {pd{V))))) = teQid^- 1 ^(m 2 (pd(v)))) by 
Pk-iiy) = 0. 

Next let p k -i(P) > 0. Then q k -i{v) = r + q k -i{pd^ r) (y)) for r = r k -i(P) = 
m + q with m = q k - 2 {v) + {N - 2) and q = q k -i(p k -i{v) - 1 ,pd^ m \u)). 

By 1H we have mk{pdk{pd^ r \P))) = te(mk-i{pd( r \v))). We obtain by 
pd k (V) = pdkipd^b- 1 ^(u)) and 1H on Proposition 17.7131 

m k {pdk{v )) = mkipdkipd^ty))) = fe(m fe _i(pd (r) (i?))) andfe(m fc _i(pd (r) (i?))) = 
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te(hd < 'P k - 1 ^\m2(pd(i')))). 


mu We have q k {n + 1 ,v) = m + q for m = q k -i{v) + (N — 2) and q = 
qk{n+pk(v),pd( m \v)). On the other hand we have hd^ n+Pk ^\mk{pd^ m \v))) = 
mk{pd^ (pd( m \v))) by IH. Hence mk{jpd < ' qk(jl+1,l, ' > ' > {v)) = mk(pd^ q+m \u)) = 
hd^ n+Pk ^(m k (pd^{i ?))). 

When k = 2, m = N — 2 and m 2 (pd ( ' N ~ 2 ^ (v)) = hd{m 2 {pd{v))) by ED- 
Hence TO 2 (pd( 92 (" +1 ’ ! '))(j7)) = hd^ n+1 \hd^ P2 ^\m 2 {pd{y)))) = hd <Jl+1 \m 2 {v)) 
by (fa^jl . 

Let fc > 2. Bv Proposition 17.7111 mi-(vdi-(v)) = te(hd ^ fc ~ 1 (f7)) (m 2 (M i7 ))))- 
In other words mk(pd^ m \v)) = hd(te(hd( pk - 1 ^\m 2 (jpd{y))))) by (15T1) . Hence 
m k (pd^ n+1 ^\v)) = hd^ n+1 \hd^ k \m 2 {pd{v)))) = hd^ n+1 \m k {v)) by (El). 

mu Let Tk{v) = m + q for to = q k -i{v) + (N - 2) and q = q k {j>k{y) - 
1 ,pd <jn ' , {v)). Then by Proposition 17.7121 we have 
mk{pd^ rk ^ (v)) = rrikipd^ (pd( m ) (i 7)))) = hd^ Pk ^~ l \mk{pd^ rn \V))). 

When fc = 2, we have m = N — 2 and by (f5Tj) . 
m 2 (pd^ r2 ^\v)) = hd^ P2 ^~ 1 \m 2 (pd^ N ~ 2 ' > (v))) = hd^ P2 ^\m 2 (pd(v))). 

Let k > 2. We have mk(pd^ m \v)) = hd(te(hd ( ' Pk ~ 1 ^(m 2 (pd(v))))) by 
Proposition [mil] an d ED- Consequently 

m k (pd^ k ^\i 7)) = hd^ Pk ^\te(hd^ Pk -^\m 2 (pd{y))))) = hd^W (m 2 (pd{v)))). 
17.7141 This is seen from Proposition 17.7131 and (l52l) . 

17.7151 bv induction on k + L. First let p k {v) = 0. Then gfc(z7) = q k -i(v), and 
m k {v) <Kst te(m k -i{y)) by ED and te{mk-\(p)) = teihd^- 1 ^ {m 2 {pd{v)))). 
On the other hand we have TOfe_i(i?) m k -i(pd < ' qk - 1 ^ +k ~ 2 \v)) by IH. 

Hence te(rrik-i[y)) = te(mk-i(pd ( ' qk - 1 ^ +k ~ 2 \v ! ))) = mk(pd ( ' qk ~ l( ' v ' >+k ~ 1 \i 7))) 
by ED- Thus m fe (i?) < Xst m k {j>d { - qk ^ +k ~ 1 \v))). 

Next let Pkiy) > 0. Then q k {v) = r + q k {pd^ r \v)) for r = r k [y)- Proposition 
17.7141 with IH yields for q = q k (pd( r \v)) + k — 1, 

m k {v) <Kst m fe (pd (r )(j 7)) < Xst TO fe (pd (9) (pd (r )(i 7))) = TO fc (pd (9fc(i7)+fc_1) (j ; ))- 

□ 

Definition 7.8 4. Next let us define the fc-predecessor pd k (vi) for i ^ 0 

(mod (AT — 2)) as follows. 

Let N — 3 > io = i (mod (N — 2)). Then put pd k {vi) := pd(vi) = Vi +1 for 
any k < i 0 + 2, and pd k {vi) := pd (N ~ 2 ~ l °\vi) = Vi_ io+N _ 2 for i 0 + 2 < 
fe < AT. 

2. Vi -<k Vj denotes the transitive closure of the relation {(vi,Vj) : v 3 = 
pdfe(^)}) an d rife Vj its reflexive closure. 

V -<k P indicates that Mh k {y) -< k Mh k {£,), cf. Definition ^. 11121 Lemma [2781 for 
Definition 17.8111 and Propositions 12.13l and 17^151 for Definition 17.61 

Proposition 7.9 Let jl,£ be in the sequence {v n }n<L with vq = v. 
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1. P < k pd^ m \P) for m = q k -i(P) + {N - 2). 

2. P< k pd^ n ’^{P). 

3. P < k pd[ rk ^{P). 

4■ -<k pd k+1 (fl). 

5. Let P -< k f -< k pd^ rk ^\i') with £ = z7 \ for an i = 0 (mod (TV — 2)). Then 
m k {pd^ rk ^\V)) = hd^ n \m k {f)) for some n > 0. 

6. Assume fx -< k f < k pd k+ i(jT). Then pd k+1 (£) ^ k pd k +i{P), and if 
pd k (fi) ^ pd k+ i(fi ) = pd k+ i(f), then st k (fi) < st k (f), and K a (st k (jl)) < 
K a {st k {f)), where st k (ix ) [cr] denotes the first [second] component in m k {jl ) 
(st k (p,),o,a), resp. 

Proof. 17.9111 By the definition we have pdfc(T') = pd( m ~ N+k+1 \P) ^ k pd^ m \P). 

I7.9l2l bv induction on L. We have q k {n+ 1,P) = m + q for m = q k -i(P) + (TV —2) 
and q = q k (n + p k (P), pd^ (P)). By Proposition l7.9lll z7 -< k pd^ m \p). By IH we 
have pd^ (P) ■< k pd ^ ( pd^ (z7)). 

17.9131 We have r = r k (P) = m+q k (p k - 2 (v)—l,pd^ m \u)) for m = q k -i{P)+(N— 
2), and P -< k pd^ m \p) by Pronosition l7.9lll Proposition l7.9l2l for n = p k _ 2 {P )~1 
yields V -< k pd < ' rk ^' > \T). 

17.9141 bv induction on L. Let fl = Pi. We can assume i < TV — 3. 

First consider the case i ^ 0. When k + 1 < i + 2, we have pd k +i{p) = 
pd k ([l) = pd{[T). When k = i + 2, we have Vj < TV — i — 2 (pd k (i/i+j) = Pi+j+ i) 
and pd k+ i(p) = Pn-2- When k > i + 2, pd k +i(jl) = pd k (jl) = Pn-2- 

Next let i = 0. When p k (P) = 0, we have q k (P) = q k _i(y), pd k (P) = 
pdtek-iW+k- i)(z7) andpd fc+ i(z7) = pd^ qk -^ +k \P). By the definition 
pd k (pd ( ' <lk - 1 ( i; '> +k - 1 \v)) = pd^ qk ~^ +k \P). 

Next let p k {P) > 0. Then q k {P) = r + qk(pd^ r \P)) for r = r k (v), and 
pd k+ i(z7) = pd k + 1 (pd ( ' r \P)). By IH we have pd (r) (z/) -< k pd k +i{pd { - r \P)). 
Proposition 17.9131 yields P -< k pd k +\(y). 

EMI We have r = r k (P) = mo + q k {p k {P) - 1 ,pd { - m \P)) for m 0 = q k -i{P) + 
(TV — 2). Hence m <i < r, and no = p k (P) — 1 > 0. 

If i = mo, then we have m k {pd^{P)) = hd t ' n °\m k (pd < ' rn °\P))) by Proposi¬ 
tion EZU 

Let mo < i < r. We have q k {no,pd^ m °\P)) = mi + gfc(ni,pd^ m ° +mi ^(z7)) 
for m = ?ro — 1 + p k (pd^ m °\P)) and mi = q k -\{pd^ m °' > {P )) + (TV — 2). Then 
mo + mi < i < r. If T = mo + mi, then ni > 0 and by Proposition 17.7121 we 
have m k {pS' r ' > (y)) = hd^ ni \m k (pd^ m ° +mi ' > (P))). 

In this way se see inductively that there exists a J > 0 such that f, = P% = 
pd^o<J m i\p) for i = Yhj<j m L n J > 0 and 
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mk(pd^(u)) = hd( nj \mk(pd < '^- J i^ jrrlj \V))), where rrij+ 1 = qk-i^pd^™ 1 ^ {v)) + 
{N — 2) and n,j + 1 = rij — 1 + Pk{pd^ mj \i')) with m_i = 0,n_i = 1. 

I7.9l6l bv induction on L — j for £ = Vj. By Proposition [52] assuming pdk+i{P) = 
pdk+ i(£), it suffices to show that rrik(P) <Kst mfc(£) since we have by fl5J), 
K a ({a, stk(fl)}) < st k (P) for a = ip a +(stk(p)) and similarly for stfc(£). Let 
p = Vi. We can assume i < N — 3. 

First consider the case i ^ 0. From pdk(P) ^ pd k +i{P) we see that k = i + 2, 
pdk+i{p) = vn~ 2 , and pdk(P) = P+i ■ On the other side we see that £ = vn- 3 -, 
i = N — 4 and k = N — 2 from ft, -<k £ and pdk+ i(P) = pdk+i(£,)- Then 
0 = rriN- 2 {P) <Kst friN-iiC) ^ 0. This shows Proposition 17.9161 for the case. 

Let p<k£, ~<k pd k +i{p)- Then pd k +i(P) = vn- 2 , k = i + 2, pd k (p) = P+i 
and £ = Vj for j > i. Thus £ -<k+i vn- 2 - 

Next let * = 0 and p = v. (Then pd k {P) ^ pd k +i(P).) When pfe(T') = 
0, we have pd{pd k {y)) = pd k +i(pd k (v)) = pd k+ i(v). Also £ = pd k {v) = 
pd( qk ^ +k ~ 1 \v) an d rrikip) <Kst mk(C) by Proposition ^. 7151 

Let pk{v) > 0. Then by Proposition 17.9131 we have v -< k pd^ r \v) for r u = 
r k {v). Also pdk+i{y) = pd k+ i{pd^\v)), and m k {y) <Kst^mk(pd( r ’' s >{vj) by 
Proposition 17.7141 Hence by IH we can assume that v -< k £ ~<k pd^ rt '\v) and 
£ = p for an i = 0 (mod (N — 2)). By Proposition 17.9151 we have for some 
n 0 > 0 

mkipd^ {v)) = hd^ no) (m fe (f)) (54) 

It suffices to show by induction on L — j for £ = vj that 

pdk+i{Q pd^(v) (55) 

By IH and pc4+i(£) = pdk+i(pd^ r (\^)) for = r^(£) it suffices to show 
that pd( r t\t;) -<k pd^ rv \v). Assume pd( r "\v) pd^ r ^{^) contrarily. Then 
£ -<k pd ( ' r ' / \v) <k pd^ Ti \C). Then Proposition 17.9151 yields rrik(pd ^(£)) = 
hd < ' ni \mk(pd( r, '\ v))) for some n i > 0. On the other hand we have by Propo¬ 
sition [LZ0M(wfc(pd( r O(£))) = hd(mk{0), and hence by (1551) mk(pd^(v)) = 
hd^ n °\mk(pd^ ri \())). Therefore mk{pd ^ r ^(£)) = hd^ n ° +ni \mk{pd^ r ? i(£))) for 
no+ni > 0. This is a contradiction. Thus pd^ s ^(£) ~< k pd^ r "\v), and (l55l) is 
shown. □ 

Definition 7.10 Next for p in the sequence {v n }n<L with vq = v, we define 
sequences {P’k}m<ih k (p) in length lh k (p) as follows. 

1. The case when —>3£(/2 A k £&pdk(s) pd k + 1 (£)) : Then put lhk{p) = 1 

and p% := v L . 

2. The case when 3£(/2 -< k £&pc4(£) ^ pdk+ 1 (£)) : Then p% = p where i is 
the least number such that p -<k pP k and pdfc(p^) ^ pdk+i{ffk)- 

Suppose that p% is defined so that pdk(P%) ^ pdk+i{Pk)- 
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(a) The case 3£(pd k +i{pL k ) F k £&pd k ({) ^ pd k+1 (t)): Then jJ k +1 = 
Vi where i is the least number such that pd k +i(p k ) ^ k fl k +1 and 
Pd k (jj % +1 ) ^pd fe+ i(/ 2 fc +1 ). 

(b) Otherwise: Then lh k (p) = n + 2 and define /2J? + = Vl. 
Proposition 7.11 For k < N — 1, p ^fc + i jl k and Vn < lh k (jl) — l[fl k -< k +i 

hi¬ 
proof. This is seen from the definition of fc-predecessors in Definitions I7.G1 and 

[7751 □ 

Proposition 7.12 Let V -< k £ -< k pd k+ i(V). Then there exists a jl G {£}U{£™ : 
to < Zh(£) — 1} such that pd k +\{y) = pd k +i(jT) and st k {jl) > st k (V). Moreover 
when pi qL : to < lh(£) — 1}, Vl = £^ holds. 

Proof. By Proposition 17.9161 we havepc4 + i(£) < k pd k+ \{V). 

When p k (V) = 0, we see from the proof of Proposition !?. 9161 that £ = pd k {V ), 
pd k + i(£) = pd k +i(V) and st k {V ) < st st k (f). Also V k = ^ holds in this case. 

Let p k {y) > 0. We show that by induction onL-i with £ = 

V pd {ro \V) =► 3to < lh{^)\pd^(y) = £™] (56) 

for r 0 = r k {y). 

If £ = pd^ ro \V), then £ = £*!. Let £ 7 ^ pd^ r °\V). We can assume that 
i = 0 (mod (N — 2)) for £ = z?j, and £* = £j). Otherwise let j be the least 
number such that i < j = 0 (mod (TV — 2)). Then Vj = ££ 10 F k pd^ r °\V) for 
an Too G {0,1}. By (l55l) in the proof of Proposition 17.9161 we have pd k+ i{ff) -< k 
pd^^V), and ^ < k pd^ r °\V). IH yields (15^1) . Let pd^^V) = ££\ Then 
pd k +i(V) = Pdk +i(£r ) and st k {£™) > st k {y) by pd k+1 {V) = pd k+1 {jpd (ra) {V)) 
and Proposition 17.7141 

Now let {rj} be numbers defined recursively r_ 1 = 0, rj +1 = r k (pd^ rj \V)). 
If there is a j > —1 such that pd^ rj \V) -< k £ A k pd ( ' rj+1 ' > (V), then the proposition 
is shown by (1561) . Otherwise there exists a j such that p k (pd^ rj \V)) = 0 and 
pd^(V) -< k £ -< fc pdk+iipd^(V)) = pd k +i(V). Then £ = pd k (pdS r i\V)) and 
pd(£) = pd k+ i(V). thus pd k+ i(Cl = pd k+1 (V) and st k (V) < st st k (t;). Moreover 
V k = Cl holds in this case. □ 

Proposition 7.13 Assume £ = pd k (p) for a k < N — 1. Then one of the 
following holds: 

Case |7.13l l £ =pd k+1 (p,), lh k (p,) = lh k (£), and 
Vto < lh k (fl)[fj^ = ££*]. 

Case 17.131 2 jfi k = pi, pd k+ i(£) = pd k+ i(jl), sf fe (£) > st k (fl), and for any 

to < ih k (o = ih k (p) -1, ir = ni +m - 
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Case [TTT31 3 jtfj. = ft, pdk+ i(C) ~<k pdk+i(P) and, there exists an m < Ih(^) — 1 
such that pd k +i{p) = pc4+i(£™), stk(£™) > stk(p), and for any 0 < i < 
lh k (£)-m = lh k (p), 

Proof. Assume £ = pd k {p) for a k < N — 1. 

First consider the case pd k (p) = pdk+ i(m). Then jj% = and Case [77T3l l 
holds. Second suppose pd k {p) ^ pd k +i(p)- Then pP k = p and p < k f, = 
pd k (p) -<k pd k+ \(p). By Proposition 17.121 if pd k +i(£) = pd k +i(p), then Case 
17.131 2 holds. Otherwise we have pd k +i(p) = pdk+iif'k') an d > st k {p) 

for an to < lh(£) — 1. Consequently Case 17.131 3 holds. □ 

Now let us define the fc-predecessor pdk (a) of ordinal terms a = ip” (a) with 

0 . 

Definition 7.14 1. The case when a = ipf{a) is defined in Definition ^. 31111 

Then ir = K and v = 0 * ((&, K, a)). Put pd k (ct ) := K for any k. 

2. The case when a = ip%(a) is defined in Definition 13.31151 

Let k < N—2 be the number in © such that v k = m k {7 r)+A mfc+1 (' 7r ) (6, n, a). 
Then put pdi(a) := 7r for any i < k + 1, and pdi(a) := pd^ N ~ k \a) for 
k + 1 < i < N, cf. Definition 17.8111 Also pd^ip) = IK¬ 
S'. The case when a = ip” (a) is defined in Definition 13.31161 

Then put pdN{a) = K, and for 2 < k < N—l, pd k {a) = pd^ qk ~ 1 ^ +k ~ 1 ' > (a), 
where qk- i(z7) is the number defined from the sequences {{m k {l3)}2<k<N -l : 
a -< /3 < K} in (l53l) of Definition 17.61 

4- a -<k P denotes the transitive closure of the relation {(a, f3) : (3 = pd k {a)}. 

5. stN-i(a) denotes the first component in to^v— i(o), and st k {a) the first 
component in st{m k {oi)) when k < N — 1. 

Proposition 7.15 Let a = pd k +\{a) ^ pd k {a) and /3 < a = ip”(a). 

The decorated st(m k (ce)) = (st k (a),pd k +i(a),a) such that i r A if f(a) for 
some f if mk (a) ^ 0. 

Proof. First let a = ip£(a) with V = 0 * ((&, K, a)) in Definition 13.31141 Then 
stjsr- i(a) = b and K = pd^ifii)- 

Second let a = ip%(a) in Definition 13.31151 By the assumption pd k +i{a) ^ 
pdk(a) and Definition 17.141 we have pd k (cx) = ir -< pdk+ i(a). Then Mi > 
k — 1 (m,i(a) = 0). In particular m k (ct) = 0. 

Finally let a = ip'ffa) in Definition 13.31161 By Proposition 17.7151 we have 
m k {y) < Kst TO fc (pd(« fe W+ fe - 1 )(z7)) for V = {ro^a)}*, where pd^ k( -”'> +k ~ 1 '> (i7) = 
{mi("/)}i for a ^ 7 with pd(j) = pd k +i{a) = a. In particular st(m k { 7 )) = 
(stk ( 7 ) , < 7 , a) where 7 = ip% (a) for some p. Since second and third components 
in the indicators nik{v) and in mk{pd^ qk ^”' ,+k ~ 1 \v)) coincide when m k {v) <Kst 
TOfc(pc^ 9 fc ^ +fc- 1 H^'))> we see the proposition. □ 
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Lemma 7.16 Let <j = pd k + i(a) ^ pd k (a) and A a = i/>%(b). 

1. F a {st k (a )) < /3. 

2. If a < k 7 andpd k+1 (-y) = pd k+1 (a), then st k (a) < st k (j) and K a (st k (a)) < 
K a {st k { 7 )). 

Proof. 17.16111 Let a = ip%(b). By Proposition 16.91 we have F„(st k (a)) < /3, and 
it suffices to show that F a (st k (a)) < tt by Proposition 16.8131 We can assume 
7 T < a. By Proposition l7.15l st(m k (a)) = ( st k (a),a,a ) where n 7 I Hence 

by m in Definition I3.3ll6cl we have K n (st k (a)) < a , i.e., st k (a) £ TL a ^ r) for 
7 T ^ ipi{a). Hence F a (st k (a )) C TL a {n) n cr. Let pd < ' l ~ 1 ' ) (n) = 7 Tj_i = ^( a ») 
with 7 T = 7 To and <7 = 7 r n . We have 'H aj+1 ('^j) H ^j+\ C 717 and aj-± < aj with 
a = a n . We see by induction on n — j > 0 that F a (st k (a)) < 7 Xj. 

17.16121 This is seen from Propositions 17.9161 and 17.151 □ 

Definition 7.17 Next for terms a = ipn( a ) we define sequences {a™} m< ih k ( a ) 
in length lh k (a) by referring Definition 17. 101 as follows. 

1. The case when -i3<5(a: A k 5&pd k (5) ^ pd k +i(5)): Then put lh k (a ) = 1 
and a k is defined to be the maximal term such that a 7^+1 a k with 
pd(a° k ) = A. 

2. The case when 3(5(a ^ k S &tpd k (5) ^ pd k+ i(5)): Then is defined to be 
the minimal term such that a ^ k a k &pd k (S) ^ pd k + i(<5). 

Suppose that a k is defined so that pd k (a k ) ^ pd k+ i(a k ). 

(a) The case 3j(pd k+1 (ap < k 7 & 7 x 4 ( 7 ) ± pd k+ 1 ( 7 )): Then o7 +1 is 
defined to be the minimal term such that pdk+i(at k ) < k a£ + and 
pd k (o% + J ^pd k+ i« +:L ). 

(b) Otherwise: lh k (a) = n + 2 and define ajy to be the maximal term 
such that a k ^fe+i a )? +1 with pd(a k ) = K. 

From Propositions 17. 1 ll and l7J3l we see the following Proposition 17.181 and 
Lemma 17.191 

Proposition 7.18 For i < N — 1, a 74+1 a° and Vn < lh k (a) - 1 [ a k “4+i 

< +1 l- 

Lemma 7.19 Assume 77 = pd k { 7 ) for a k < N — 1. Then one of the following 
holds: 

Case |7.19[ 1 77 = pd k { 7 ) = pd k+ i{^), lh k { 7 ) = lh k { 77 ), andVrn < lh k { 7 )[ 7 ^ = 

Cl- 

Case 17.191 2 7 ^ = 7 , pd k+1 (r]) = pd k+ 1 ( 7 ), st* ( 77 ) > st k ( 7 ), and for any m < 

lh k (v) = lh k ( 7 ) - 1, C = 7fe +m - 

Case EUl 3 7 fe = 7 ; pdk+i(v) -<k pd k + 1 ( 7 ) and there exists an m < lh{rf) — 1 
smc/i that pd k+ 1 ( 7 ) = pdk+i(ri™), st k {i 7 ™) > sf fc ( 7 °) ; and for any 0 < i < 
lh k (rf) -m = lh k { 7 ), ? 7 ™ +i = 7 ^. 
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7.2 Towers derived from ordinal terms 

In this subsection we introduce towers T(rf) of ordinal terms from the sequence 
{ 77 ™ : m < lhk{rf)} defined in Definition 17.171 We will see that the relation -< k 
is embedded in an exponential relation <E k p) cf. Lemma l7.21l 

Definition 7.20 1. Define relations <i on OT n for 2 < * < N — 1 by 

77 <i p 77 -<» p&pdi(r)) ± pd i+1 (ri) = pd i+1 (p) 

2. Extend <j to <7 by adding the successor function +1. Namely the do¬ 
main is expanded to dom(<f) := dom{<i ) U {a + 1 : a £ dom(<i)}, and 
define for a,b £ dom(<i), a +1 <7 b +1 a <* b, a +1 <f b :<+> a <7 b, 
and a <7 6 + 1 a <j b or a = b. 

A Q denotes A“ • 1. 

3. The exponential relations <#., <E ijP are defined from <f {2<i<N—l), 
cf. Definitions 17.21 and 17.111 

4- From the sequence { 77 ™ : 2 < i < N — 1,171 < lhi( 77 )} we define a tower 
T(rj) = £2(77). The elements of the form Ei(rj ) are understood to be 
ordered by <_ g i . Let <t-=<e 2 - 


E N - 1 ( 77 ) := 77 

Ei( 77 ) := ^ \E i+1 ( v ?) v ™-l +A E i+1 (r l °)+ 1 +A E i+1 (.r l ) 

l<m<lhi(ri) 


The sequence { 77 ^ : m < lhi{ 77 )} is defined so that the following holds. 

Lemma 7.21 Suppose 7 77 . Then (E k ("f),"f) < Ek , P (E k (r]),ri). 

In particular 

7 +2 7 => (T( 7 ), 7) <T. P (T{t]), 77 ) 

Proof by induction on A - t 

Let 7 77 . It suffices to show that E k ( 7 ) <E k E k {r]). 

E k (rj) = A Bfc + l( ^ ) 77”" 1 + A £fc + l( ^ )+1 + A Sfc + l(r?) 

l<n<lh k (r/) 


We can assume 77 = pd k ( 7 ). By Lemma 17.191 one of the following cases occurs. 

Case |7.19l l 77 = 7574 ( 7 ) = pd k+1 {j), lh k { 7 ) = lh k (r 7 ), and Vn < /hfc(7)[7fc = 
77 ^]. Then 

E fc (q) = ^ A E k+l(ri k ) ^n -1 + + ^£*+1(7) 

1 <n<lh k (r/) 


56 










Case |7.19l 2 = 7 , pd k+ i(??) = pd k+ 1 ( 7 ), st k (rj) > st k ( 7 ), and for any n < 

lh k (rj) = lh k (i) - 1, ??£ = 7fc +n - 

E k (j) = ^2 A Ek+1 ^' ) r]^~ 1 +A Ek + 1 ^' > 'y° + A Ek + l( -‘ y ^ +1 + A Ek + 1 ^' > 

\<n<lh k (T]) 


Case [77191 3 7 ^ = 7 , pd k +i(p) -< k pd k + 1 ( 7 ) and there exists an m < i/i(ry) — 1 
such that pft+ift) = pft+ift™), st k (p^) > st k ( 7 ^), and for any 0 < i < 
lh k (rj) - to = lh k { 7), 77™+* = yj.. 

S fc (r?) = ^ A- Efc + l( 7 ? ) 7 ^- 1 + A I 5 '‘+ l{ ^ ) r?r + -B 

2<n<lh k pi) 

(E = A Ek+ 1 < ' v ^p k ~ 1 + A Bfc +i(’ 1 fc ) +1 + yy Bfe +i( ?? )) 

m<n<lh} < . (rj) 

E k ( 7) = ^ A Sfe+l(7^) 7 ^-l + A B fe+ l(7^) 7 0 + A B fc+1 ( 7 g) + l + A S fe+ l(7) 

2<n<lh k (-y) 

□ 

7.3 The sets V^(X) 

In this subsection sets V(X) = Vn(X) are defined. Recall that S = {((3,a) : 
a y< /3}. 


Definition 7.22 1. For 2 < i < N — 1, 

(3 G ft(X) :<tt> [pft(ft ^pd i+1 (/3) => F pdi+lW (sti(P)) C X], 


And 


a <f /3 :<t4> a, f3 G Ui{X ) & a <j (3. 


As in Definition 17.20121 extend <f to <‘ Y+ by adding the successor func¬ 
tion + 1 . 


(a, ai) <f p (/3, (3i) :<tt> a, /3 G 17 * (X) & (a, oft < ijP (ft ft) 

for the relation <,; >p defined in Definition 17.3121 The domain of <f p is 
defined to be {(a, m) G S : a G ft(X)}. 

2. For 2 < i < N — 1, a finite set ft ( 77 ) of subterms of 77 is defines as follows: 

(a) ft(77) := { 77 ™ : m < (»?)}■ 

(b) For i > 2, ft ft) := {ft" : to < lhi(p),p G ft_i(ft}. 

Also put ft (r 7 ) = 0 if 77 is not of the form fftfta). 
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3 . r] G Vn(X) designates that each finite set Si(r 7) x { 77 } is included in the 
wellfounded parts W(<f p v ) of the relations <f p v - 

V G Vat(X) Vi € [ 2 , iV — l)V /3 6 G ^(X) & (/ 3 ,77) 6 W (<?^)}. 

It is clear that (U<$*(??)) x {^ 7 } C S for any 77 , and Vy(X) is Ai. Suppose 
Xn«i = Y riai and ft g «Si( 77 ) for 77 < 07 . Then rj < ft and F pdi+1 t^(sti(j3)) < 77 
by Lemma 17.16111 Hence ft £ Ui(X) iff ft G UftY). Obviously (a, 7) 

(73,77) (a, 7) <f nr) (73,77) since F pdi+ 1 ^(sti(a)) < 7 < 77 by Lemma EMI] 

and 7 ^ a, 7 ^ 77 . Therefore (73,77) G lT(<^ p n,) ) iff (73,77) G 1T(<^ IT? ). Thus 
Vn{X) enjoys the condition (l 39 l) . 

Proposition 7.23 For any limit universe P, if 7 G f?(W p ), then Vi G [ 2 , 1 V — 
1 )^( 7 ) C £/*(W p )] and <Siv_ 2 ( 7 ) C U N ( W p ) . 

Proof. Assume 7 G Q(W P ). Let S G <Si(7), 77 = si*( 6 ) and er = pdi+i( 6 ). Then 
7 A S. We have to show F a (v) C W p . By Lemma [7.16111 we have F(r(v) < 7. 

On the other hand we have 7 G C 7 (W P ), and this yields v G C 7 (W P ) by 
the definition of the set C 7 (W P ). Therefore F a (v) C C 7 (>V P ) follows from 
Proposition 16.271 Thus we have F a (v) C C 7 (W P ) O 7 C W p . 

For the case i = N — 2, let /i = st jv-i(< 5) with K = pcLn(6) and <5 G *Siv —2 (7 ) • 
Fk(a*) C W p O 7 is seen from Fjk(/x) <7. □ 

By considering the case X = W, the exponential relations are defined 

from <™ + (2 < i < N - 1), cf. Definitions 17.22111 [7221 and E3 It is clear 
that each <^ + is a transitive Ei-relation. Then <yv,p denotes the restriction 
of <t, p =<e 2 ,p t° the wellfounded parts W(<^ p ) in the second components 
hereditarily. Note that for (a, 7) G dom(<T, P ), (a, 7) G dom(<v\>. P ) iff (x, 7) G 
W(<!^p) f° r ea ch component x occurring in the 7 -th level of a. 

Let (a, 7) p (ft , 77 ) :< 1 => P |= (a, 7) <w,p (/?, ??)• This means that 
(a, 7) <w p ,p (/ 3 , 77 ) for the relation <yv p ,p dehned from <)' v + . 

Lemma 7.24 1. <n-i is almost wellfounded in KPA 

2. Let P be any limit universe. Suppose 77 G V)v(W p ). Then (T(rj) : p) G 
dom(<w p ). Moreover if 7 -< 77 and 7 G V/v(W p ), taen (T( 7), 7) 

( T (v),v)'- 

Proof. 

rr^rn 7 <jv— 1 77 <=> 7 Vjv-i 77, and this implies sijv_i(7) < si/v-ifa) < £k+i- 

17.24121 The fact that 77 G Vn(W p ) => (T(r]),r)) G dom(<^ p ) is seen from the 
definition of <y V p - Assume 7 -< 77 and 7 G Vn(W p ). Then by Lemma f7.2 1 1 
we have (T( 7 ), 7 ) < t, p (T(r]),rf). Moreover we have (T( 7 ), 7 ) G dom(<^ ). 
Hence (T( 7 ), 7 ) < p p (T(? 7 ), 77 ). □ 
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Lemma 7.25 If P G rM 2 (rM 2 ({T( 77 ), 77 }; <w, P ))> thenr] G £(W p )nViv(>V p ) —> 
■n g w p . 

Proof by induction on G. 

Let X = rM 2 ((T(ry), r?); <w,p) C Lmtad. First we show the existence of a 
distinguished set X\ G P such that 

VQ G PC A[Ad G Q =^77 G VV(VV Q )] 63) 

We have Vi G [2,7V - l)V/3 G Si(ri)[F pdi+1 ^(sti{/3)) C W p n 77 ]. Pick a 
distinguished set X\ G P such that Vi G [2, TV— l)V/3 G 5 i(? 7 )[P pd . + 1 ( ( g)(sti(/ 3 )) C 
Ai fl 77 ]. Let Xi G Q G P fl if. Then X\ C C W p , and hence Vi G 
[2, TV - l)V/3 G 5i(77)[P pdi+l(ja) (sti(/3)) C W Q n 77 ], i.e., Vi G [2, TV - l)V/3 G 
SiWlpeUiiwQnrfil. 

Furthermore we have (/3, 77 ) G W(<^ p nv ) and C W p for (3 G Si(rj). 
Hence Ui(yV® PI 77 ) C Ui(W p fl 77 ) and ( 73 , 77 ) G W(<]^ nri ). We obtain 77 G 
Vv(W«). 

By Corollary 16.471 it suffices to show 63 for any Q G P H X such that 
X\ G Q. 


V 7 ~< 77(7 g Q(w®) n Vjv(yv^) 7 g w^} 6U) 

Let Q G P (1 T, Ji G Q. Assume that 7 -< 77 and 7 G Fl Vjv(W^). 

Then (T( 7 ), 7 ) (T(rj),r]) by Lemma OH 

Therefore Q G rM 2 (rM 2 ((T( 7 ); 7); <w, P )) by Q G if = rM 2 ((T(? 7 ), 77 ); <w, P 
). IH on G yields 7 G . This shows (l48l) . We conclude 77 G W p by Corollary 
1071 □ 

Lemma 7.26 For each n G w 

KPnjv hVaG OT„[q g £(W) n Fv(W) fT K —>■ a G W]. 

Proof. This is seen from Proposition 16.461 Corollary 17.51 and Lemmas 17.24111 
and 03 □ 

8 Wellfoundedness proof(concluded) 

In this section we prove Theorem 11.21 i.e., the wellfoundedness of each initial 
segment of OT. 

Let for |*= (£ 2 ,..., £jv-i) with & G E 

E n C K (W) := {(££: K{f) C C K (W) n OT n } 

E n C K (W) := {£ C P„C K (W) : fis strongly irreducible} 

Definition 8.1 For a G OT n and strongly irreducible sequences v = (i/ 2 ,..., vn-i) C 
E n , define: 
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1 . 


A{a , V) Ver G W U {K}[^(a) G OT„ =>■ -0^(cz) G W]. 

2 . 

MIH(a) :-o- V6 € C K (W) n aVz? e E n C K (W) A(b, V). 

3 . 

SIH(a, V) V/fG E n C K (W)[g< ix v =► A(a, |)]. 

Lemma 8.2 Assume {a} U K 2 (g) C C K (W), MIH(a), and SIH(a,/f) in Defini¬ 
tion \8.1\ Then 

VkSWU (K}h/|(a) G OT n => (a) G G(W)]. 

Proof. Let a± = (a) G OT„ with k G WU{K}. We have to show u\ G Q(W). 

By Proposition lh. 17111 we have {K,a}LiK 2 (g) C C K (W) C C ai (W) and hence 
by Lemma 16.311 

a\ £C ai (W)b\/p[G p ({ K ,a}UK 2 (g)) c W] 

Thus it suffices to show the following claim. 

Claim 8.3 

V/ft GC Ql (W)nai[/3i GW]. 

Proof of Claim [8~3l bv induction on £/ft. Assume /ft G C ttl (W) Cl a\ and let 
LIH :<^V 7 G C ttl (W) nai[£ 7 < ip i => 7 G W]. 

We show ft G IV. 

Case 0. fii 0 £(/ft) or ft G WC «i: Assume /ft ^ W. Then //(/ft) C 
C ttl (W) Cl Oi. LIH yields //(/ft) C W. Hence we conclude ft G W from Propo¬ 
sition 16.491 

In what follows consider the cases when /ft = ip%(b) for some ir, b, V. We can 
assume {it, b} U K 2 {y) C C ai (W). 

Case 1. 7r < a\\ Then {/ft} = G- K {p 1 ) C W by /ft G C ai (W) and Proposition 
RT291 

Case 2. b < a, /ft < k and AT Q . 1 ({7r,6} U K{V)) < a: Let H denote a set of 
subterms of /ft defined recursively as follows. First { 7 r, £»} U K 2 (v) C B. Let 
cci < ft G B. If =nf u 1 > K, then 7 G B. If P =nf lm + ■ • • + 7 o, then 
{ 7 i : * < rn} C B. If p =nf <^ 7 <ft then { 7 ,<S} C B. If p =nf H 7 , then 7 G 13. 
If p =nf V’f(c), then {er, c} U K 2 (g) C B. 

Then from {7r, 6} U K 2 {p) C C ai (W) we see inductively that S C C ai (W). 
Hence by LIH we have 13 fl ai C W. Moreover if a\ < e then 

c G K ai ({7r, 6} U K(y)) < a. 

We claim that 
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Claim 8.4 V/3 G B{f3 G C K (W)). 

Proof of Claim 18.41 by induction on £/3. Let /3 G B. We can assume that 
eta < /3 = ft’(c) by induction hypothesis on the lengths. Then by induction 
hypothesis we have { a, c} U AT 2 (/ft C C K (W). On the other hand we have c < a. 
MIH(a) yields /3 G W. Thus the Claim [ 8 /fl is shown. □ 

In particular we obtain { 7 r, ft U AT 2 (zft C C K (W). Moreover we have b < a. 
Therefore once again MIH(a) yields /ft G W. 

Case 3. b = a, 7 r = k, \/S G K 2 {y)(K ai (8) < a) and v <i x ft As in Claim [ 8 ~TI 
we see that K 2 {v) C C K (W) from MIH(a). SIH(a,/f) yields /ft G W. 

Case 4. a <b < Kp^S) for some 5 G A'ftft U {ft, a}: It suffices to find a 7 such 
that /ft < 7 G Wfloi. Then ft GW follows from /ft G C ai (W) and Proposition 

EM 

We see that a G Aft (eft iff ftf (a) G kg (a) for some k, ft and for each ft| (a) £ 
kg fto)) there exists a sequence {afti< m of subterms of «o = 4’i° 0 ( a o) such 
that a m = ft|(a), Oi = (aft for some Ki,aj,ft, and for each i < m, 6 < 
a i+1 G £(Cft for (ft = {K i; ai} U .ff 2 (ft). 

Pick an a 2 = G £(ft and an a m = V4m( a m) G for some 

and dm > b > a. We have 02 £ W by i G C K (W). We can assume 
a 2 > ot\. Then 02 G K ai ( 012 ) < a < b, and m > 2. 

Let {ai} 2 <i<m be the sequence of subterms of 0.2 such that a* = (aft for 
some a*, ft, and for each i < m, /ft < o^+i G £ ((ft) for (ft = {/t^, aft U AT 2 (ft). 
Let {«fto<j<fc (0 < fc < m — 2) be the increasing sequence no < ni < • • • < 
nk < m defined recursively by no = 2 , and assuming rij has been dehned so 
that rij < m and a nj > an, nj+i is defined as follows 

n 7+ i = min({i : rij < i < m : ai < a nj } U {nr}). 

If either rij = m or a n . < an, then k = j and n,j +1 is undefined. 

Then we claim that 

Claim 8.5 Vj < k(a nj G W)&ca nk < a±. 

Proof of Claim 15751 By induction on j < k we show first that Vj < k(a nj G W). 
We have a no = 02 G W. Assume a n . G W and j < k. Then rij < m , i.e., 
Oft+i < , and by a n . G C an r(\V), we have Cft. C C a, v(>V), and hence 

a„ j+ i G £(Cftft C C“”3'(VV). We see inductively that a* G £“"■> (Wj for any * 
with rij < i < n ;+ i. Therefore a ni+1 G C“ n 7 (W) l~l a nj C W by Proposition 

1031 

Next we show that a nk < a.\. We can assume that ilk — rn. This means that 
Vi(n k - 1 < i < m => at > a nk _ 1 ). We have a 2 = a no > a ni > ■ ■ ■ > a Hk _ 1 > «i, 
and Vi < m(ai > aft. Therefore a m G k ai (a 2 ) C k ai ({ft, a} U A~ 2 (/ft), i.e., 
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a m G K ai ({ K ,a} U K 2 (£)) for a m = On the other hand we have 

K ai ({re,a} U A' 2 (£)) < a for a\ = V4( a )- Thus a < a m < a, a contradiction. 
The Claim 1531 is shown, and we obtain fii < a nic G W PI a\. 

This completes a proof of Claim 18.31 and of the lemma. □ 

Lemma 8.6 Suppose MIH(a) and n < K. For any ordinal term ft G OT n 

F k (/3) C W & AT K (/3) < a =► p G C K (W). 

Proof by induction on f/3. By IH with Proposition 16.491 we can assume /3 = 
V'p(^) > «■ Then A K (/3) = A K ({p, 6} U K 2 {y)) and {6} U iOc({/ 0 , 6} U K 2 {v')) = 
K K (f3) < a. By IH we have {p, b} U AT (u) C C K (W). MIH(a) with b < a yields 
A(b , z7), and we obtain /3 = ifp(b) G W by p G W U {K}. □ 

Proposition 8. 7 For each n < uj, KP£ b TI[C K (W) PI w„+i(K + 1)]. 

Proof. By metainduction on n < uj using Proposition 16.241 we see T/[C K (W) fl 
w n _)_i(IK + 1)], i.e., Prg[C K (W ) PI w n +i(K + 1), IV] —> C K (W) PI w n +i(K + 1) C y 
for any definable class y. □ 

Lemma 8.8 Assume {a} U K 2 (fi) C C A (W), MIH(a), and SIH(a,£) in Defini¬ 
tion \8.1\ Then 

Vtt G W U (K}[V£(a) G OT n =* V>f(a) G V N (W)}. 

Proof. By Lemmas 18.21 and 17.261 it suffices to show that a\ = t/'f(a) G V/v(>V), 
cf. Definition 17.221 Let 2 < i < N — 1, fii = ip£(b) G <Sj(ai). We have to 
show (Pi,a{) G fT(<^, n “ 1 ). Suppose pdfifi i) ^ pd i+ i{/3i) and (/ 3 2 ,a 2 ) <™ nQl 
(/3i,ai). We have G UfiWnai), and (/3 2 ,a 2 ) <i, P (/?i,oi)- Th en /3 2 <i fii, 
pdfifi 2 ) ^ pd i+ i(/32 ), and k := pd i+ i(/3 2 ) = pdi+ i(/?i), cf. Definition [71201 Hence 
^ := sti(/3 2 ) < stfifii) by Lemma f7.16121 

We claim that v G C^(W). By Lemma l8l6l it suffices to show that F K (y) C W 
and K k (v) < a. We have F K (v) C W by /3 2 G UfiW PI afi). 

By Proposition 16.1121 we have b < a. On the other hand we have K K {y) < 
K K (sti(fii)) by Lemma [7.16121 Therefore K k (v) < K K {sti{j3i)) < b < a by 
Definitions I3.3ll5al and I3.3ll6al 

Thus we have shown v = sfi( 7 i) G C K (W). Therefore (fii,a±) G bP(<^ nQl ) 
is seen by induction on stfil 3 2 ) G C K (W) PI cc ra (K + 1), cf. Proposition 18.71 □ 

Proposition 8.9 For each G u> and each definable class X of strongly irre¬ 
ducible sequences f = (£ 2 , • • •, £jv- 1 ) of < w n (K + 1) 

KPf h Prg lx [E n C K m , X] -+ V|* G A„C K (W)(£ G X) 

where Prgi x [E n C K (W), X] denotes 

G A„C K (W)[Vz? g A n C K (W)(P < ix ^veX)^i&X}. 


62 





















Proof. In Definition 12.141 ordinals o(£) < £k +2 are assigned to strongly irre¬ 
ducible £ so that V <i x £ =>■ o(p) < o(£) by Proposition 12.151 and A'(o(£)) C 
C K (W) if £ G E n C K (W). 

Now since AT 2 (£) < u;„(K + 1), we can replace each occurrence of A = £k+i 
in £ by X n := w n (K + 1): let o n (y) denote the result of replacing A by A ra in 
o(p). Then V <i x £ =>■ o n {V) < o„(£) for any v, £ such that AT 2 ({z?, £}) < \ n . 

Furthermore we have o n (£) < w ra (jv-i)QK+l) since K-w ra (K+1) =w n (K+l) 
for n > 1. Hence the proposition follows from Proposition 18.71 □ 

Using Lemma 18.81 Propositions 18.71 and 18.91 we see 

Va G C K (W) n w n (K + 1 )MV G E n C K (W) A(a, v) 

by main induction on a G C K (W) H uj n (IK + 1) with subsidiary induction on 
£ G E n C K (W) (AT 2 (£) < cu ra (K + 1)) along <i x . Hence by induction on la we 
see that a G OT n => a G C K (W). Thus Theorem 16.61 and hence Theorem 11.21 is 
shown. 

8.1 Conservative extensions 

For a set $ of formulas and an ordinal term a G OT, TI(a,<I>) denotes the 
schema of transfinite induction up to a: 

V/3(V 7 < /90( 7 ) -»• 0(/3)) -)• V/3 < a4>(0) (0 G $) 

nj denotes the set of set-theoretic formulas in the language {g}, Hq(w) the set 
of arithmetic formulas in a language of the first-order arithmetic, and EA the 
elementary recursive arithmetic. 

Corollary 8.10 1. KPH^r is conservative over KPu+{TI(a, nj) : a G OTn 

12} with respect to Si(fl) -sentences. 

2. KPniv is conservative over EA+{T/(a,nj(w)) : a G OT flH} with respect 
to arithmetic sentences. 

3. KPn^v is conservative over EA+{T7(a, E5(u;)) : a G OT n 12} with re¬ 
spect to Tl^-arithmetic sentences. In particular each provably computable 
function in KPn^v is defined by a-recursion for an a G OT (~l 12. 

Proof. First KPn^ h TI(a , nj) for each a G OT (~l f2 by Theorem II.21 Second 
as in [6] we see that proofs in sections |4] and [5] except the proof of Theorem ll.il 
in the end of section [5] are formalizable in an intuitionistic fixed point theory 
FiX*(T 2 ) over the arithmetic theory T 2 := EA + { TI(a , Hg(w)) : a G OT (~l 12}. 
Namely the relation (A 7 ,0) \~l T is a fixed point predicate I of a strictly 
positive arithmetic formula. Let KPH^r P 0 for an arithmetic sentence 0. Then 
as in the end of section [5] we see that (7C n (K+i)i 0) Eg 9 for an n < w and 
a = ip n(w n (K +1)). Then we see that 9 is true by transfinite induction up to 
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a and applied to an arithmetic formula with the fixed point predicate I. Thus 
FiX l (X 2 ) b 9. 

In FiX*(X 2 ) the fixed point predicate / may occur not only in complete 
induction schema </>( 0) A Vn((f>(n ) —> (f(n + 1)) —> \/nf>(n), but also in the 
transfinite induction schema T/(o;, d>). It is easy to modify the proofs in [3J|Ej 
to show the fact that FiX*(X 2 ) is a conservative extension of X 2 . Hence T 2 b 9. 
Corollaries 18.10121 and 18.10131 are shown. 

Similarly via an intuitionistic fixed point theory FiX*(Xi) over the set theory 
Xi := KPlj + {TI(a, nj) : a £ OT fl fi} we see Corollary 18.101II □ 
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